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Abstract: This paper presents a micromechanical approach to the granular media with a particular
account of the texture-induced anisotropy. The procedure is based on the use of a second-order fabric
tensor corresponding to the anisotropy induced by the distribution of contacts. Incorporation of this
fabric tensor into a homogenization scheme allows us to obtain the anisotropic elastic properties of
the material. Besides the classical Voigt localization, as well as the Reuss approach, we propose
a new kinematics-based localization rule which generalizes the one provided by [4] in the case of an
isotropic contact distribution. Finally, it is demonstrated that the results deduced from the proposed
localization rule agree with the numerical result obtained [10] by means of discrete numerical simu-
lations.

Streszczenie: Przedstawiono mikromechaniczne podejście do ośrodków ziarnistych ze szczególnym
uwzględnieniem anizotropii spowodowanej przez ich teksturę. Podejście to opiera się na użyciu ten-
sora drugiego rzędu, który odpowiada anizotropii wywołanej rozkładem styków. Dzięki włączeniu
tego tensora do schematu homogenizacji otrzymuje się anizotropowe i sprężyste właściwości mate-
riału. Oprócz klasycznej lokalizacji Voigta i podejścia Reussa zaproponowano nową, opartą na ki-
nematyce, regułę lokalizacji, która uogólnia reguły podane w [4] w przypadku rozkładu izotropo-
wych kontaktów. Na koniec pokazano, że wyniki wydedukowane na podstawie zaproponowanej
reguły lokalizacji [10] są zgodne z wynikami dyskretnych symulacji numerycznych.

Резюме: Представлен микромеханический подход к зернистым средам с особенным учетом ани-
зотропии, вызванной их текстурой. Этот подход базирует на употреблении тензора второго
порядка, который отвечает анизотропии, вызванной расположением стыков. Благодаря вклю-
чению этого тензора в схему гомогенизации, получаются анизотропные и упругие свойства
материала. Кроме классического распределения Войта и подхода Рейсса, было предложено
новое, базирующее на кинематике, правило распределения, которое обобщает правила данные
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в [4] в случае распределнния изотропных контактов. Наконец было показано, что результаты,
выведенные на основе предложенного правила распределения [10] согласны результатам дис-
кретных численных имитаций.

1. INTRODUCTION

The average behaviour of a grains’ assembly is the result of the particle interactions
due to contacts. The relevant microscopic variables are strongly related to the contact
forces between grains and to the relative displacement of grains. Whatever is the me-
chanical nature of these contacts, their geometrical network implies a particular
structure which constitutes a fundamental component of the granular media. This
structure corresponds to the texture of the medium which can be influenced by differ-
ent factors [2], [8], [21], [22], [28], [34].

The first factor is the shape of grains. Indeed, for non-spherical grains, but with
prolate or oblate shape, one has a preferential orientation of grains in the assembly
and consequently a directional character of the contact distribution. The methodology
of the preparation of the sample of a granular material (deposit of grains by a source
point or by pluviation, ...) and the deformations history may also strongly affect the
distribution of the contacts [24], [25], [29], [30].

Since there is an obvious link between the contact direction and the anisotropy of the
granular assembly referring to its contact network, it is particularly interesting to in-
vestigate the possibility of predicting the macroscopic anisotropic properties from the
microstructure. This is precisely the main purpose of homogenization procedure (see
[4], [5], [7], [11]).

This paper is mainly devoted to the description of the grains’ contact distribution
by using various degrees of the fabric tensor. In order to simplify the problem, we
assume that at the contact between grains, the local relation between forces and relative
disques is linear. We then investigate a new kinematical rule which provides the link
between microscopic and macroscopic strain fields. Comparison between the obtained
closed-form expression of the elastic stiffness and numerical results shows how the ho-
mogenization procedure is interesting.

The following tensorial notations are adopted:

)(
2
1)(;)( bababababa klijijkl ⊗+⊗=⊗=⊗ .

2. DESCRIPTION OF THE TEXTURE OF THE GRANULAR MATERIAL

It is well-known that the contact probability P(n) in the normal direction n is most
often used to define the fabric tensor of granular media [33]. Classically, the second-
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order tensorial representation of the fabric tensor reads in the 3D (see for instance
[21], [27], [31]):

dsnnnPD
s

))((
π4

1
2

⊗= ∫ , (1)

where N is the total number of grains, and P(n) is the distribution of the contact prob-
ability. It satisfies the following normalization condition:

1)(
π4

1
2

=∫ dsnP
s

(2)

for the anisotropic medium. In the case of an isotropic one, it is clear that P(n) = 1.
Combining equation (1) with relation (2) leads to the following expression of the

contact distribution (see the appendix B.1) [27], [31]:

⎥⎦
⎤

⎢⎣
⎡ −⊗=

5
1)(:

2
15)( nnDnP . (3)

It must be emphasized that the description of the contact distribution by the second-
order fabric tensor D  is sufficient when the material symmetry is orthotropic.

In order to highlight this anisotropic phenomenon, we propose the discrete simula-
tion of the granular material compaction under gravity. This simulation has been per-
formed by means of MULTICOR software developed by FORTIN [17] (see figure 1).

Fig. 1. Compaction under gravity of an ensiled analogical material



J. RAHMOUN et al.20

The distribution of the contact given by this simulation is shown in figure 2. Then,
by discretizing the interval [0, π] in 20 intervals:

19.0,
20
π)1(,

20
π

=⎥⎦
⎤

⎢⎣
⎡ += iiiIi ,

we determine the orientation contact angle θ which defines the normal vector n at this
point of contact. We compute the number of contacts N(i) corresponding to each in-
terval Ii of orientation and then the distribution of the contact:

k
iNin )()( = ,

where k is the total number of contacts.

Fig. 2. The contact orientation distributions

Figure 2 shows a polar diagram of the contacts which indicates a strong anisotropy
of the contacts’ network.

3. RESULTS OBTAINED BY MEANS OF THE ASSUMPTION OF VOIGT

3.1. PRINCIPLE AND METHODOLOGY

The kinematic assumption of Voigt, which assumes that the deformations are uni-
form inside a representative element volume (R.E.V), provides a simple relation be-
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tween the relative displacements of grains and the macroscopic deformations [36],
[8], [1]. It is recalled that the kinematic assumption of Voigt classically writes [16]:

c
jij

c
i LEu = , (4)

where Eij are the components of the macroscopic strain tensor and c
jL  is the branch

vector which joins the grains centers in the contact point c.
Now, we aim at building, by homogenization, the macroscopic elastic behaviour

of the granular medium with account of anisotropy effects due to the contact distribu-
tion. A linear elastic contact law is considered. Denoting by Fc the contact forces
between grains, we arrive at a classical definition of the quasi-static average stresses
tensor [14], [26], [32], [37]:

c
N

c

c LF
V

⊗=Σ ∑
=1

1 , (5)

where V designates the volume of the R.E.V considered, and where the summation is
performed on the N interior contacts. From (5), it appears that the macroscopic
stresses’ tensor depends on the distribution of the local contact forces. However, Σ  as
defining by (5) is not symmetric; therefore, another definition established by a direct
use of the principle of the virtual work [6] is generally adopted. Indeed:

).(1:
1

c
N

c

c uF
V

E Δ=ΔΣ ∑
=

. (6)

where ∆uc designates the virtual displacements of grains associated with a virtual
macroscopic deformation E . Again, the summation is considered only on the active
contacts c = 1 ,  ..., N. Considering now the Voigt assumption (6), we obtain:

ELF
V

E c
N

c

c Δ⊗=ΔΣ ∑
=

:)(1:
1

. (7)

Since Δ E  is symmetric, only the symmetric part of )(1

1

c
N

c

c LF
V

⊗∑
=

 contributes to

(7). In consequence, a suitable definition of the average stresses tensor reads:
sym

1

1
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⎤
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⎡
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=
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c LF
V

, (8)

where )(
2
1)( sym Taaa += .
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It must be emphasized that in the case of a great number of grains, the antisymmet-
rical part of expression (5) is negligible [13], and (5) and (8) lead to the same results.

Fig. 3. Representative scheme of the contact between two grains

For simplicity, we suppose in this study that the granular assembly is composed of
spherical grains with the same radius r. We have therefore cccc nrnLL 2|||| ==  (see
figure 3). It follows that the Voigt kinematic assumption reads:

i
cc

jij
c
jij

c
i nErnrELEu ).(22 === . (9)

Let us now introduce the following decomposition of the displacement uc in the
local basis in the contact (t, n):

c
t

cc
n

c unuu += .

From (9), it is readily seen that:

EnnrnEnrnuu ccccccc
n :)(2..2. ⊗=== ,

ETrnunErnuuu ccc
n

ccc
n

cc
t :2.2 =−=−= ,

(10)

with

)(. ccccc nnnnT ⊗⊗−== I

in which I denotes the symmetric fourth-order unit tensor:

)(
2
1

jkiljlikijklI δδδδ += .

As already indicated, a linear contact law is considered:
c
tt

cc
nn

c uKnuKF += , (11)
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nc is the normal unit vector in the contact. Its inverse takes the form:
c
tt

cc
nn

c FHnFHu += , (12)

Fc and uc denote, respectively, the contact forces and the relative displacements’ vec-
tor in the contact. Finally, Kt and Ht (respectively Kn and Hn) denote the tangential
rigidities and flexibilities (respectively normal) in the contact.

We aim now at establishing an expression of the homogenized elastic stiffness
tensor ÷hom. The approach consists first in establishing a relation between Σ  and E
by combining (8), (11) and (4). Consideration of (11) in (4) gives:
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, (13)

where the summation is carried out on the active contacts c = 1, ..., N.
On the other hand, it can be easily observed that:

c
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Indeed:
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in which we have made use of the fact that .0. =c
t
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obtain:
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Considering the contact law (11) and the kinematic assumption, we arrive at:

ETrKuKF

EnnrKuKF
c

t
c
tt

c
t

cc
n

c
nn

c
n

:2

,:)(2

==

⊗==
(15)

which when inserted in (14) leads to:
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It immediately follows that the macroscopic elastic behaviour:

=Σ ÷hom : E (17)

is given by the following expression of the homogenized elastic stiffness tensor:

÷hom )].()([4

1

2
ccT

t
cccc

n

N

c

TTKnnnnK
V
r

+⊗⊗⊗= ∑
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. (18)

Now, it is possible to model the elastic behaviour of granular assembly by taking into ac-
count the contacts’ distribution. In terms of the probability of the contacts P(n), ÷hom reads:

÷hom 
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3.2. PREDICTION BASED ON THE SECOND-ORDER FABRIC TENSOR

We take advantage of the fact that the contact distribution probability P(n) can be
defined from the second fabric tensor in order to express ÷hom by means of the fabric
tensor D . To do this, we first observed that

dsTTnPdsnnnnnP T

ss

).)((
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1
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Replacing these quantities by their expression (51) and (52) derived in the appendix,
we have:
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7
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which satisfies the usual symmetries of the elasticity tensor. In the general case, ÷hom

has the standard symmetries (21 independent coefficients). Its components, whose
detailed expressions are given in appendix B.4, depend on the components of D  and
on the contact rigidities Kn and Kt.

3.3. ISOTROPIC DISTRIBUTION OF CONTACTS

As a simple illustration, we consider now an isotropic distribution of the contacts.
In this case, P(n) = 1 and:
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The prediction (20) corresponding to the second-order fabric tensor reads:

÷hom )}3()2({
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from which the macroscopic compressibility khom and the macroscopic shear moduli
μ hom are obtained:
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where α = Kt/Kn. This result coincides with the one that is established in [10] de-
scribing only the isotropic case (see also [36], [9], [19]). This confirms the coherence
of our approach developed in a more general context.

4. THE REUSS ASSUMPTION

4.1. BASIC PRINCIPLE

By using the Voigt assumption, we have easily obtained a law of the overall be-
haviour of the granular medium. However, this assumption constraines the particles’
motion and constitutes a very particular solution of the problem [11], [12], [23].

In this section, we propose to build another homogenization scheme based on the
static localization assumption of Reuss. This localization rule relies on the contact
forces between grains and the macroscopic stress Σ  as follows [4], [15]:

cc nAF ..Σ= , (23)

where A  is a symmetric second-order tensor which plays the role of the localization
tensor.

By inserting (23) into (8) and by using the description in term of the contact prob-
ability, we get:



J. RAHMOUN et al.26

sym

sym

sym

]..[2))((
π4

1..2

)(
π2

2

2

DA
V
rNdsnnnPA

V
rN

dsnFnP
V

Nr

s

cc

s

Σ=
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⊗Σ=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⊗=Σ

∫

∫

for which we have used the relation:

DdsnnnP
s

=⊗∫ ))((
π4

1
2

.

The localization tensor A  can then be related to D  by:
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Let us now consider again the principle of the virtual work (6). By using (23), one
has:
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or in terms of the contact probability P(n):
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As Σ  is symmetric*, we obtain:
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Moreover, considering the inverse of the contact law (12):
c
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ccc FHnFHFHu +== . (27)

and using the static assumption (23), we obtain:

)(:.. ccccc
n nnAnFF ⊗Σ== , (28)

                                                     
* Only the symmetrical part of the first term of the right member brings a contribution to (25).
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Now, we have to identify the overall elastic flexibility tensor of the granular me-
dium. By the consideration of (26), (27) and of the Reuss assumption (23), we arrive
at
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Since Σ= :homSE , we obtain:
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4.2. EXPRESSION PROVIDED BY THE USE
OF THE SECOND-ORDER FABRIC TENSOR

First, we calculate the integrals
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intervening in (30) by using a description of the contact probability P(n) based on a
fabric tensor (cf. (51) and (53) in the appendix). In the same way as in the previous
case of the assumption of Voigt, we demonstrate that:
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Remark 1: Isotropic distribution. Starting again, while the particular case of
isotropic configuration of the granular medium
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The macroscopic shear and compressibility modulus are given by:
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for which we recall that
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We recover again the results provided by CHANG and LIAO [10], who have only
studied the isotropic case, and associated macroscopic stiffness.

5. KINEMATICAL LOCALIZATION RULE

We aim now at proposing a general kinematic assumption relating the relative dis-
placements in the contact uc to the uniform deformation E  imposed on the boundary
of the R.E.V. For this purpose, we take advantage of the representation theorems (see,
for instance, [3]). Let us introduce the vector UC defined by:

cc unP
r

U )(
2
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= . (33)
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5.1. THE KINEMATICAL LOCALIZATION RULE PROPOSED

By using the representation theorem [3], [35], we obtain:
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Since 1)( =Dtr , it follows that:
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with A0 = 0Â  + 00Â , A1 = 1Â  + 7Â , A3 = 83
ˆˆ AA +  and B2 = .ˆˆ

32 BB +  For the other
terms, we have Ai = iÂ , Bi = iB̂ , Ci = iĈ  and Di = .ˆ

iD
Considering a linear elastic material without initial stresses and deformations (in

the natural equilibrium state), in the absence of external loading without possible rigid
solid motion, we obtained a linear relation between the displacement uc and E .
Therefore, for the general shape (35) of UC one has A0 = A7 = C3 = 0.

Now, in order to establish the general kinematic assumption linking uc with E
(equation (33)), we start from definition (26) of the average deformation in the
R.E.V.:
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Then, by inserting expression (35) of Uc into (37) and following the procedure
detailed in the appendix B3, it is shown that:
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It should be noted that in the particular isotropic case, where P(n) = 1 and
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Then, we obtain the following kinematical assumption:

(38)
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It appears that the expression of uc as the function of E  is not affected by β. On
the other hand, it is interesting to notice that in this isotropic case, for the particular value
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we recover the kinematic Voigt assumption (see equation (4)):

nErU c .2= .

5.2. DETERMINATION OF THE MACROSCOPIC ELASTIC STIFFNESS TENSOR

The anisotropic kinematical rule proposed here is obviously more general than that
of Voigt. It depends on five adjustable parameters λ1, λ2, λ3, λ4, β as well as on D . We
limit here the study to the particular case of one adjustable parameter* η by consider-
ing λi = 0, i = 1 to 4 and β = 0. This choice allows us to reduce the number of the free
parameters without the loss of generality regarding the anisotropy description:
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We aim now at applying the homogenization scheme based on this kinematic as-
sumption (42). In the same way as the assumption of Voigt, we consider together the
expression of the average stress tensor (8), the contact law (11) and the kinematical
rule (42) to determine the macroscopic properties of the granular medium.

To that end let us decompose first the displacement in the local basis associated
with a given contact. We have:
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* The general study of the kinematic assumption (38) is to do again in order to specify the physical

significance of the parameters λi. However, it does not constitute the object of the work presented here.
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On the other hand, with the linear elastic contact law, we have:
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By identification with E:homC=Σ , we obtain the following expression for the
homogenized elastic stiffness tensor (cf. (54), (55), (56), (57) and (58) in the appendix
B2):
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Note again that for η = –3/2, we recover the macroscopic stiffness tensor provided by
the Voigt assumption.

5.3. THE CASE OF AN ISOTROPIC DISTRIBUTION OF CONTACTS

In the isotropic case, it is convenient to compare the results given by the kinemati-
cal rule with, on the one hand, those already obtained from the Voigt assumption and
the Reuss assumption and, on the other hand, with the existing numerical results ob-
tained by CHANG and LIAO [10]. In the isotropic case, expression (44) becomes*:
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It must be noticed that:

• for η = 
2
3

−  the results agree, as already indicated, with those obtained from the

Voigt assumption,
                                                     

* We recall that in the isotropic case, the utilization of a fabric tensor of the second or fourth order
leads to the same result.



J. RAHMOUN et al.34

• for η = ⎟
⎠
⎞

⎜
⎝
⎛

+
+

−
α
α

23
21

2
5  the results agree with those obtained by the Reuss assump-

tion.

6. ANALYSIS OF THE RESULTS

The results obtained from the three localization rules (Voigt, Reuss and kinemati-
cal) for the isotropic case are presented in the table.

Comparison of the localizations considered

The Voigt assumption The Reuss assumption The kinematical rule proposed
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Based on the results in the table it can be concluded that the macroscopic com-
pressibility khom is independent of the localization assumption used. It depends only in
a linear way on the normal rigidity in the contact Kn.

Fig. 4. Variation of hom
22

3 μ
nkNr

V  with respect to α  by using the assumptions

of Voigt, Reuss, kinematic 1 (η = –1.4), kinematic 2 (η = –1.35) and kinematic 3 (η = –1.2)
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We also observe (cf. figure (4)) that the variation of μhom obtained from the kine-
matical rule is linear with respect to α. On the other hand, when α tends to 1, the
curve of μhom has a tendency to be out the limit observation given by the Reuss as-
sumption. It must be recalled that the Reuss results do not provide a lower bound.
This is in agreement with the numerical results reported in [10], which correspond to
the discrete points added in figure 4. For η  = –1.2, the variations of μhom (linear in α)
seems to be in agreement with the numerical results (see figure 5).

Thus, the general kinematic assumption proposed here allows us to approach accu-
rately the numerical simulation results.

Fig. 5. Variation of hom
22

3 E
kNr

V

n

 with respect to α by using the assumptions

of Voigt, Reuss, kinematic 1 (η= –1.4), kinematic 2 (η = –1.35) and kinematic 3 (η = –1.2)

7. CONCLUSION

In this paper, we proposed an upscaling approach which aims to describe the ani-
sotropic elastic properties of the granular materials. This approach takes advantage of
the representation of the grain contacts’ distribution by means of the second-order
fabric tensor. It appears particularly relevant when the materials exhibit orthotropic
symmetry. The consideration of this fabric tensor in various homogenization schemes
allows us to quantify the overall anisotropy of the material.

In particular, we obtain new results based on the kinematical localization rule pro-
posed. In the case of an isotropic material, it is shown that the predictions of elastic
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moduli deduced from the new kinematical rule are in a very good agreement with the
numerical results of CHANG and LIAO [10]. This agreement provides the first valida-
tion of the approach developed. Obviously, for anisotropic granular media, it will be
interesting to proceed with a more complete validation, for instance, by performing
numerical discrete computations of elastic moduli.
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APPENDICES

A. TENSORIAL NOTATIONS

We are going to use in what follows the results of HE and CURNIER [18]:
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B. APPROXIMATION WITH A SECOND-ORDER TENSOR

B.1. EXPRESSION OF THE CONTACT PROBABILITY

According to LUBARDA and KRAJCINOVIC [27], we approximate the distribution of the contact prob-
ability P(n) in the normal direction n by a second-order tensor d  as P(n) = d : (n ⊗ n). It can be shown

that P(n) can be expressed with respect to the macroscopic variable D . Indeed, in 3D, we have:
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B.2. COMPUTATION OF SOME REQUIRED INTEGRALS

We use expression (49) of P(n) and the results (46) of HE and CURNIER [18] to compute the follow-
ing integral:
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In the same way, from (49) and (46), the following identity can be established:
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Knowing that nnnInT ⊗⊗−= .  and ,. nnnnIT T ⊗⊗−=  we have:
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In the same way, we compute the integral:
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The following identities are also obtained by using equations (46):
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In the same way, by using (46), we have:
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Finally, we have:
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where use has been made of the following definition:
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B.3. ELEMENTS OF THE KINEMATICAL LOCALIZATION RULE
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Knowing that ,
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VDA =  and after having calculated the integrals of (59) (cf. the appendix B2),
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which after symmetrization gives:
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Since this last relation must be satisfied for any value of D  and E , we arrive at the following system
of 8 equations with 14 unknowns, i.e. A0 to A7, B1, B2, C1, C2, C3 and D1:
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To solve this system, let us fix 6 of the 14 unknowns, for example, A6 = λ1, A5 = λ2, D1 = λ3, C2 = λ4, A0 =
β, B2 = η, and let us express the other unknowns with respect to λi, β and η. We have:
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The parameters λ1, λ2, λ3, λ4, β and η are the constants which can be considered as the characteristics
of the internal state of the granular medium. Then, by introducing the values of Ai, Bi, Ci and Di in ex-
pression (35) of Uc, we obtain the general kinematic assumption given by (38).

B.4. COMPONENTS OF THE HOMOGENIZED STIFFNESS IN THE VOIGT NOTATION

By adopting for Chom the classic notation of Voigt which allows Chom to be represented by a symmet-
rical matrix 6 × 6, we obtain from (20):



A three-dimensional micromechanical modelling 43

tn KDKDC ⎥⎦
⎤

⎢⎣
⎡ ++⎥⎦

⎤
⎢⎣
⎡ −=

5
3

5
36 111111

,   )(
5
1

221112 tn KKDDC −⎥⎦
⎤

⎢⎣
⎡ −+=

)(
5
1

331113 tn KKDDC −⎥⎦
⎤

⎢⎣
⎡ −+= ,   )(2314 tn KKDC −= ,

⎟
⎠
⎞

⎜
⎝
⎛ += tn KKDC

2
131315

,   ⎟
⎠
⎞

⎜
⎝
⎛ += tn KKDC

2
131216

,

tn KDKDC ⎥⎦
⎤

⎢⎣
⎡ ++⎥⎦

⎤
⎢⎣
⎡ −=

5
3

5
36 222222

,   )(
5
1

332223 tn KKDDC −⎥⎦
⎤

⎢⎣
⎡ −+= ,

⎟
⎠
⎞

⎜
⎝
⎛ += tn KKDC

2
132324

,   )(3125 tn KKDC −= ,

⎟
⎠
⎞

⎜
⎝
⎛ += tn KKDC

2
131226

,   
tn KDKDC ⎥⎦

⎤
⎢⎣
⎡ ++⎥⎦

⎤
⎢⎣
⎡ −=

5
3

5
36 333333

,

⎟
⎠
⎞

⎜
⎝
⎛ += tn KKDC

2
132334

,   ⎟
⎠
⎞

⎜
⎝
⎛ += tn KKDC

2
133135

,

tn KDDKDDC ⎥⎦
⎤

⎢⎣
⎡ +++⎥⎦

⎤
⎢⎣
⎡ −+=

5
1

4
3

4
3

5
1

2233332244
,   )(1236 tn KKDC −= ,

⎟
⎠
⎞

⎜
⎝
⎛ += tn KKDC

4
3

1245
,   ⎟

⎠
⎞

⎜
⎝
⎛ += tn KKDC

4
3

1346
,

tn KDDKDDC ⎥⎦
⎤

⎢⎣
⎡ +++⎥⎦

⎤
⎢⎣
⎡ −+=

5
1

4
3

4
3

5
1

3311331155
,   ⎟

⎠
⎞

⎜
⎝
⎛ += tn KKDC

4
3

3256
,

tn KDDKDDC ⎥⎦
⎤

⎢⎣
⎡ +++⎥⎦

⎤
⎢⎣
⎡ −+=

5
1

4
3

4
3

5
1

1122221166
.


