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Abstract: In the present paper, we mathematically prove that the Soret-driven thermosolutal convec-
tion of the Veronis type under the simultaneous effect of uniform vertical rotation and magnetic field
cannot manifest itself as oscillatory motions of growing amplitude if the thermosolutal Rayleigh
number R, the Lewis number 7, the Prandtl number o and the magnetic Prandtl number o satisfy the

4
inequalities R, < 27:: [1 +O—](1 —7)and y <1, y being the stability ratio.
<1

1. INTRODUCTION

Overstability is a characteristic feature of double diffusive convection and can
occur, for example, in a fluid layer with stable solute gradient that is destabilized
by raising the temperature of the lower boundary. The linear stability theory for
this case is well understood [2], [3] and much information is available about the
non-linear development of the instability [4]. Here, overstability depends on the
stabilizing effects of the imposed concentration gradient. However, such gradient
can also develop in response to the temperature difference applied. This phe-
nomenon, known as the Soret effect [1], arises when the mass flux contains a term
that depends on the temperature gradient. The analogous effect that stems from
a concentration gradient-dependent term in the heat flux is called the Dufour ef-
fect [1] and is important in gases. The phenomenological equations relating the
heat flux Jy and the solute flux J¢ to the thermal and solute gradients present in
a binary fluid mixture may be formulated (see, for example, de GROOT and
MAZUR [5]) as

OH
J =KVT—pTC£DVC, (1)

J.=-pD{VC+8,C(1-C)VT}, )

where T is the temperature, C is the concentration, p is the density, K is the ther-
mal conductivity, D is the diffusivity, Sris the Soret coefficient, D'(=S,D) is the

Dufour coefficient and w is the chemical potential of the solute. In liquid mix-
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tures, one can neglect the second term in Jy, the Dufour effect term, but the same
approximation cannot be justified in gaseous mixture. On the other hand, the sec-
ond term in J, the Soret effect term, can be significant in both liquid and gaseous
mixtures. An externally imposed temperature gradient produces a chemical po-
tential gradient in the system, the normal Soret effect occurs when the concentra-
tion of higher molecular mass is higher in the colder region. Similarly, an im-
posed chemical potential gradient results in a temperature gradient, and the
‘normal’ Dufour effect is defined by analogy with the Soret effect. The sense of
migration of the molecular species is determined by the sign of the Soret coeffi-
cient. The rough predictions are as follows:

(a) When the denser component migrates towards the cold plate (positive Soret
coefficient), here the upper boundary, we expect the liquid layer to be less stable than
in the case of pure liquid.

(b) Migration of the denser component towards the hot plate (negative Soret coef-
ficient), here the lower boundary, we expect the liquid layer to be more stable: the
critical Rayleigh number increases.

CALDWELL [6] pointed out the concentration gradient set-up by the Soret diffusion
would lead to a situation similar to that considered by VERONIS [2], if the sign of the
Soret coefficient Sy were opposite to the normal one. Usually the solute is caused by
thermal diffusion to flow from hot to cold. Such diffusion would be destabilizing, and
so could not cause an increase in critical Rayleigh number. VERONIS [2], [7] has
studied the onset of steady and oscillatory convection generated by infinitesimal per-
turbations, and has also done calculations on the onset of finite amplitude modes, all
with free surface boundary conditions. HURLE and JAKEMAN [8] assumed a salt dis-
tribution set-up by thermal diffusion, and included the Soret effect in their perturba-
tion equations as they calculated the onset of steady and oscillatory modes for both
free and solid boundaries, for infinitesimal perturbation only. Thus, Hurle and
Jakeman included the Soret effect in their equations but Veronis did not. Veronis (and
SHIRTELIFFE [9]) used a quantity called R;, a solute Rayleigh number and for reasona-
bly dilute solution (c << 1),

R=yRy or y=-, 3)
RT
where Rris thermal Rayleigh number, the parameter yis called the stability ratio when
applied to thermosolutal or double diffusive phenomenon.

From a geophysical standpoint, the effect of rotation and magnetic field, acting
separately or simultaneously, on the present problem is of practical interest. The case
where rotation alone is present has been analyzed by ANTORANG and VELARDE [10].
The effect of magnetic field alone on convective instability in a horizontal layer of
binary liquid metal has been examined by MASAKI TAKASHIMA [11] and it has been
shown that even if a magnetic field is present, the presence of solute plays a promi-
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nent role through the Soret effect and that even if the solute is present, the magnetic
field inhibits the onset of instability.

In the present investigation, we mathematically establish that the Soret-driven
thermosolutal convection of the Veronis type in the presence of uniform vertical rota-
tion and magnetic field cannot manifest itself as oscillatory motions of growing am-
plitude if the thermosolutal Rayleigh number R,, the Lewis number z, the Prandtl
number o and the magnetic Prandtl number o satisfy the inequalities

4
R<™[14% Ja-7r) and y<l,
4 o,

ybeing the stability ratio.

2. MATHEMATICAL FORMULATION AND ANALYSIS

The relevant governing non-dimensional linearized perturbation equations of
Soret-driven thermosolutal convection of the Veronis type in the presence of a uni-
form vertical rotation and magnetic field with slight change in rotations are given by
[10]-[12].

(D> —az)(Dz — —ﬁjw= R,a’0—R,a’¢+TDS — OD(D* —a’)h,, )
o
(D2 —a? -pl=—w, ®)
{t(D* —a*) - pyp+7(D*—a*)0=w, (6)
[1)2 e —ﬁth = —Dw, 7)
O
(DZ e —ng = —Dw-0D(, (8)
and
(02 e —ﬁ}f - D¢, )
O
where

4 1ot 74
R =52 g0, and R =59 g s.0,0-CB.A >0,

’ ’
KU KU
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with
w=0=0=¢=h,=Dw={=D& at z=0 and z=1, (10)
or

w=0=0=¢=h,=D*w=D{ =D& at z=0 and z=1, (11)

. . . d . .
where Z is the real independent variable such that 0 <Z <1, D =—1is the differen-
zZ

tiation with respect to Z, a* >0 is a constant, o >0 is a constant, o, >0 is a constant,

7> 0 is a constant, Ry and R, are positive constants, 7 > 0 is a constant, O > 0 is
a constant, p = p, + ip; is a complex constant and as a consequence the dependent
variables

w(z)=w,(2) +iw(2), 0(2)=06,(2)+i0(2), ¢(2)=¢.(2)+id(2),
h.(z)=h,(2)+ih(z), ((2)=¢,(2)+i;(z) and &(2) =, (2)+ig(2)
are complex valued functions of real variable Z. The meaning of symbols from the

physical point of view is as follows: Z is the vertical coordinate, - is the differ-
z

entiation along the vertical direction, a’ is the square of the wave number, o is the
Prandtl number, o; is the magnetic Prandtl number, 7is the Lewis number, Rz is the
thermal Rayleigh number, R, is the concentration Rayleigh number, 7 is the Taylor
number, Q is the Chandrasekhar number, p is the complex growth rate, w is the
vertical velocity, @ 1is the temperature, ¢ is the concentration, 4, is the vertical mag-
netic field, ¢ is the vertical vorticity, and & is the vertical current density. It may

further be noted that equations (4)—(11) describe an eigenvalue problem for p and
govern the Soret-driven thermosolutal convection of the Veronis type in the pres-
ence of uniform vertical rotation and magnetic field for any combination of dy-
namically free and rigid boundaries.

We prove the following theorem:

Theorem. If Ry > 0, Ry > 0, T > 0, O >0, 0,>0, p,20, p;#0 and

27n* o - . .
R < 2 (1+—J(1—7) , then a necessary condition for the existence of non-trivial
0,

solution (w, 0, ¢, h,, &, &, p)of equations (4)—(9) together with either of the
boundary conditions (10) or (11) is that

R <R, or y<lI. (12)
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Proof. Using the transformations

S
I
7\
—
tﬂ‘l
N
N—
ASS
|
Qb

1l
=~ = O

g N S S D2
I

I
e

equations (4)—(11) assume the following forms

(D’ - az)(Dz —d’ —g)w =R,a’0—R, bR,

and

with

or

where B = (1

aZT azr

-7 1-7

(D* —a* - p)d=-w,

(DZ ~d —ﬂjg =-D¢
O

w=0=¢=h,=Dw=¢=D¢& at z=0 and z=1,

w=0=0=¢=h.=D’w=D{ =D& at z=0 and z=1,

27

J > 0, and the sign ‘~” has been omitted for simplicity.
T

55

(13)

0+TDS —QD(D* —a*)h_,(14)

(15)
(16)

a7

(18)

(19)

(20)

e2y)
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Multiplying equation (14) by w* (* indicates complex conjugation) throughout
and integrating the resulting equation over the vertical range of z, we get

1 1 5 1
J-W*(Dz —az)(D2 -a’ —£jwdz = RTa2I9w*dz - R, ﬂj&w*dz
o 1-74

1
~R, a’t j pw'dz+T j w'ddz — j o[wD(D* - a*)h_dz. (22)
1-1 "

Making use of equations (15)—(19) and the fact that w(0) = 0 = w(1) we can
write

1 1
RTaZJ‘HW*dZ=—RTa2I9(D2—az—p*)g*dz , (23)
0
=R, ja(Dz—a —p0dz, (24)
a’r | a’rt | P
~—— |pwdz=-R D*—a* - |¢'dz, 25
_T£¢w 2=-R g M a TJ¢ z (25)

T iW*Dg =T j-éDw*dz = Tj' g“[Dz -a’ —%*jg“*dz + TQ.:[ (DE dz

(D2 a ——jg dz+TQj§

[ —a? —p—Jf*dZ+ TQJ-SZ*[Dz —a? —ﬁJidz s (26)
o 7 o

1
rf¢
0
1
|
0
and

—Qj w' D(D? —a*)h.dz = Qj (D* —a*)h.Dw dz

0 0

1 *
- QJ- (D* —a*)h, (DZ -a’ —m]hzdz. (27)
0

o
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o

Combining equations (22)—(27) we obtain

1
jw*(Dz —az)(D2 —a? _ngdZ = —RTa2 jé’[D

a2T ; 2 2 p* * -
R {9(1) ~a’ =P lg'd: - R T)B £¢ ¢dz
1 *
+T j 4[02 _P Jg“*dz+TQJ. 5*[02—612_&}5@
0 o 0 o
—Qj(D2 —az)hZ[Dz —az—&jhg‘dz : (28)
0 (o2

Integrating the various terms of equation (28) by parts for an appropriate num-
ber of times and making use of either the boundary conditions (20) or (21), it fol-
lows that

1
([29f + 20D+ a4|w|2)dz+£ [{(IDuf: +%|uf )=

© —

92)dz

1 1

~Ra’| (D67 + a2l6f + p'|of Jaz - “ s j (D6} +aloF
0 0
2

2

el 2|¢|2+"7|¢|2sz
1 1

7] [|D§|2 vl +p—|§|2sz ~10| (|D§|2 calef +&|g|2jdz
0 o 0 o

s« 1
Qmj( | +a? |z (29)
o 0

-0 j (0* —a*n.[ -
0

Equating real and imaginary parts of both sides of equation (29) and cancelling
p; # 0 throughout from the imaginary part, we get

NDM +2a%Duf’ + a*|uf jdz+p’ (1o + o o

0
) a T) j.(|Dl9|2+a2|9|2+p,€
0

2 )dz

|
= RTaZJ- (|D9| + a2|49| +p, |0
0
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¢2jdz—Tj(|D§|2+a2|§|2+&
0 o

§|2)dz

6127'2 1 2 2042 P
— M|D¢| ol +

1
10 (|D§|2 el +%|§|2jdz
0

_Qj-(‘(Dz—az)hZ )2dz—Q%j(|DhZ|2+ 2h22)dz (30)
0 0
and
ﬁi(www)dz e [+, 5 [l
0 0

[+ Zz)dz. 31)

R I(|¢| Ji-L I(I:I )d -9 (|§|2)dz+ggj(

0
We write equatlon (30) in the alternative form

1 1
| (\Dzwf 2% Duf’ + awjdz 2o [ (Ipuf? + a?luf
0 o 0

2 1 1
iR (1“ T) (Ipof +alof Jaz + [ (|<f +a?lef o=
0 0

+TQj(|D§| +a’le’ )dz+QH )| dz

1

5 JUpd st i

1 1
= [ " tef- L e

J (32)

and derive the validity of the theorem from the resulting inequality obtained by re-
placing each one of the terms of this equation by its appropriate estimates.

We first note that since w,60,¢,h, and ¢ satisfy w(0)=0=w(l), 8(0)=0=46(1),
#(0)=0=¢(), h,(0)=0=h_(1) and {(0)=0=2(1), we have by the Rayleigh-Ritz
inequality (SCHULTZ [13])

1 2
- Rya* [ (D6 +a?[6F =+, 1“_;

(=}

2 2
| ta

_ %y 2_ i
TQO'az'([|§| QO'(,I2 0
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1 1

[|owi’dz =2 [|uf’az , (33)
0 0

1 1

[[Df’ dz > w* [|6f d . (34)
0 0
1 1

[IDgf dz2 7 [|4f az . (35)
0 0

1 1

|ZARCEE S AR (36)

0 0

and

1 1

[[D¢f dz 2w [lefdz (37)
0 0

Further,

1 1
“Dw|2dz = —I w D*wdz <
0 0

[ DPwae < [ Dl < [ "ot
0 0 0

| | 112, 1/2
< “w”Dzw‘dz < [“wrdzj [”Dzw‘z dzJ
0 0 0

(utilizing the Schwartz inequality)
1/2

1/2
< %“ |DW|2dZ} “‘Dzw‘zdz} . (using (33))
0 0

So that, using equation (33), we have
1 1 1
[ D] dz = w2 [’ dz > = [|f = (38)
0 0 0

Therefore by utilizing inequalities (33) and (38), we obtain
1 1
I (‘Dzw‘z + a4|w|2 + 2a2|Dw|2jdz > (n* + 612)2.[|W|2 dz . (39)
0 0

Second, since p, >0, we arrive at

1
Pe [ (Dwf +a2luf
. £(|Dw| +a*f)dz>0. (40)
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Next, multiplying equation (15) by @" throughout and integrating the various
terms on the left-hand side of the resulting equation by parts for an appropriate num-
ber of times by making use of the boundary conditions on 8, namely 8(0)=0=46(1),

we have from the real part of the final equation

1 1 1
[(Dd +a\6f ydz+ p, [ |6 =real part of [j H*Wdzj
0 0 0

< ‘I[H*Wdz

<\l

wldz
< | 16 Iz

1/2 1 1/2
s{j |¢9|2dz} {“wlzdz} :
0 0
utilizing the Schwartz inequality.

Combining this inequality with inequality (34) and the fact that p, >0, we get

1 1 1
(n2+a2)j|9|2 dzs{j|6’|2 arij|w|2 dz},
0 0 0

1 1/2 1 1 1/2
|9|2dz} sﬁ{ |w|2dz}
{-([ (m"+a”) -([

1 1 1
J)' (Do’ +a2|49|2)d2£(n2—+az) ! wf*dz . (41)

oc_,_a o t—

which implies that

and thus

Similarly it follows from equation (16) that

j<|D¢| +a | ¢ )dz € ———— j|w| dz. (42)

(n
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Also, applying the same technique we obtain, since 4, = 0 = A,(1), the result

1 1
j | D*h, P27 j | Dh, |” dz. (43)

0 0

With the help of (36) and (43) we obtain
1 y 1 2 1 1
[|0> | dz =] |p*1.[ dz+ 24> [ |Dh. dz +a* [ |n| az
0 0 0 0

1
4
[a

0

2 2
| +a

1
=(n’ + az)J- |th|2
0

1 1
- 0| -a?n. Yz > +a2)0 [1pn.f (44)
0 0
Equation (31) upon using (33) yields the following inequality
o ato (i T {0
j Inf’ dz - ey [lel dz—;ll‘m dz. (45

Therefore, from inequalities (44) and (45), we get

1 2 2\2 1 2 1
3 o, |2 (n"+a’) oo 2, a‘to 2 9 2
Q!(D +a?)n| diz == —01£|w| di-R ™ )! 6] dz

1
L rad j ¢ dz . (46)
o, o
Also, from equation (31) and the fact that p. >0, we obtain

1 R 1
p,a2{RT_([|9|2dz—£I[|9|2d e )BJ-|¢| ——J-|g| dz
_TQGI 1 2 _Qo'l
ou’ -“ﬂ dZ oa’

[+ d|n] dz —} <0.  (47)
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Now, if permissible R, <R or y >1, then we derive from equation (32) and ine-
qualities (34), (39)—(42), (46) and (47) the following inequality

2, 232 o\ R(n+a)r _212
{(n +a)<1+01> T +a)}-“| (i-7) ( (;JW “

+T(n? +a2)[1—£J j ¢ dz<0. (48)
o)
Therefore inequality (48) implies that
(n* +a*)’ o
R >—F—|1+— |1-7), (49)
a o,
so that we necessarily have
2
R>E" 1% i-r). (50)
‘ 4 o,

Since the minimum value of

2 253 4
M for a’>>0is 27n
a

4
R<T" 119 |a-p),
’ 4 o,

R, <R, or y<Il, 1)

Hence, if

then we must have

and this completes the proof of the theorem.

Theorem 1, from the physical point of view, implies that magnetorotatory thermosolu-
tal convection of the Veronis type in the presence of the Soret effect cannot manifest itself
as oscillatory motions of growing amplitude if the thermal Rayleigh number R;, the
Lewis number 7, the Prandtl number o and the magnetic Prandtl number o satisfy the

inequality
4
R<™ 1.9 a-p
4 o,

and the stability ratio y <1.
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Note:

1. It is to be noted here that when both the boundary surfaces are dynamically free
the resulting eigenvalue problem described by (14)—(19) together with boundary con-
ditions (20) or (21) can be exactly solved with

An
{=————cosnz,
wrat+ L
o

where A is an arbitrary constant, and therefore
1 2 l 2
I|Dg“| dz=n2j|§| dz,
0 0

so that inequality (48) again implies (49), (50) and (51) and the theorem is thus
proved.
2. In the context of oceanography, 7= 0.01 and o =7 (VERONIS [2]).
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