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Abstract: In the present paper, the governing equations of hydromagnetic double-diffusive convec-
tion problem of Veronis’ type coupled with cross diffusion are linearized by the construction of
a proper transformation and the relationship between various energies is established. The analysis
made shows that total kinetic energy associated with a disturbance is greater than the sum of its total
’
magnetic and concentration energies in the parameter regime, Qioz-u. 155? ~<1, where O,
T 4r7n"k;

o, 01, Ry, and 7, respectively, represent the Chandrasekhar number, the thermal Prandtl number, the

magnetic Prandtl number, the modified concentration Rayliegh number and the Lewis number, and
k, is a constant (to be defined later on). The result is valid for quite general boundary conditions.

1. INTRODUCTION

The stability properties of binary fluids are quite different from those of pure
fluids because of the SORET and DUFOUR effects [1], [2]. An externally imposed
temperature gradient produces a chemical potential gradient, and the phenomenon
known as the Soret effect arises when the mass flux contains a term that depends
upon the temperature gradient. The analogous effect that arises from a concentration
gradient dependent term in the heat flux is called the Dufour effect. Although it is
clear that the thermosolutal and the Soret—Dufour problems are quite closely related,
their relationship has never been carefully elucidated. They are, in fact, formally
identical and identification is done by means of a linear transformation that takes
the equations and boundary conditions for the latter problem into those for the for-
mer. The analysis of double diffusive convection becomes complicated in the case
where the diffusivity of one property is much greater than the other. Further, when
two transport processes take place simultaneously, they interfere with each other
and produce cross-diffusion effect. The Soret and Dufour coefficients describe the
flux of mass caused by temperature gradient and the flux of heat caused by concen-
tration gradient, respectively. The coupling of the fluxes of the stratifying agents is
a prevalent feature in multicomponent fluid systems. In general, the stability of such
systems is also affected by the cross-diffusion terms. Generally, it is assumed that
the effect of cross diffusions on the stability criteria is negligible. However, there
are liquid mixtures for which cross diffusions are of the same order of magnitude as
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the diffusivities. There are only few studies available on the effect of cross diffusion
on double diffusion convection, largely because of the complexity in determining
these coefficients. HURLE and JAKEMAN [3] have studied the effect of the Soret
coefficient on the double-diffusive convection. They have reported that the magni-
tude and sign of the Soret coefficient were changed by varying the composition of
the mixture. McDOUGALL [4] has made an in depth study of double-diffusive con-
vection, where both Soret and Dufour effects are important.

CHANDRASEKHAR [5] in his investigation of magnetohydrodynamic simple Bénard
convection problem sought unsuccessfully the regime in terms of the parameters of the
system alone, in which the total kinetic energy associated with a disturbance exceeds the
total magnetic energy associated with it, since these considerations are of decisive signifi-
cance in deciding the validity of the principle of exchange of stabilities. However, the
solution for w(= cons tan #(sin 7z) is not correct mathematically (and Chandrasekhar was
aware of it). BANERJEE and KATYAL until 1985 did not pursue their investigation in this
direction and consequently did not see this connection. This gap in the literature on mag-
netoconvection has been completed by BANERJEE and KATYAL [6] who presented a simple
mathematical proof to establish that Chandrasekhar’s conjecture is valid in the regime
Qo < n* and further this result is uniformly applicable for any combination of a dynami-
cally free or rigid boundary when the regions outside the liquid are perfectly conducting
or insulating. BANERJEE and KATYAL [6] showed that in the parameter regime

2o<1
T

the total kinetic energy associated with a disturbance is greater than the total magnetic
energy associated with it.

The present analysis extends this energy consideration to the hydromagnetic dou-
ble-diffusive convection problem of Veronis’ [7] type coupled with cross diffusion.
We establish that in the parameter regime

Qo Rio

2 2 _472 — 7
T 41k,

the total kinetic energy associated with a disturbance is greater than the sum of its total
magnetic and concentration energies. A similar characterization theorem for hydro-
magnetic double-diffusive convection problem coupled with cross diffusion of Stern’s
[8] type is also established.

2. MATHEMATICAL FORMULATOIN AND ANALYSIS

Here we consider a viscous and finitely heat-conducting fluid statically confined
between two horizontal boundaries z = 0 and z = d of infinite horizontal extension and
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finite vertical thickness which are, respectively, maintained at uniform temperatures 7,
and 7| and concentrations Cy and C, at lower and upper boundaries, respectively,
where either T, > T, Cy > C; (Veronis’ configuration) or 7y < T}, Cy < C; (Stern’s
configuration) in the presence of a uniform magnetic field acting in a direction oppo-
site to that of gravity. The concentration gradient/temperature gradient thus main-
tained will, respectively, be qualified as favourable and unfavourable because of their
tendencies to decrease/increase the density of the fluid vertically upwards. The extra
effect (the Dufour effect and the Soret effect) we consider here is that of the coupled
fluxes of the two properties due to irreversible thermodynamic effects.

Let the origin be taken on the lower boundary z = 0 with the z-axis perpendicular to it
along the vertically upward direction so that the xy-plane then constitutes the horizontal
plane z = 0. The basic hydrodynamic equations governing the present problem of hy-
dromagnetic double-diffusive convection coupled with cross diffusions are:

L ru v p—L=0. (1)

For incompressible fluid

Py ; P _,, )
o 7 ox
so that (1) reduces to
ou; 0 3)
o,

Ou, Ou, op 0 ou, Ou;| 2 ou,
Pl U [ F PN = | Y | = u——-0,
or 7 ox ox; 0x, ox; ox; ) 3 oxg -

1

Mt OH,  p, O(H)?

4
4t ox; 8m  Ox @

d d of or Ou; o°C
“(pe, T)+—(pu,e,T)=—| K—— |- p—L+ ®+D,"—, (5)

ot x; ! x| Ox; ox; ox;

where
_ 2 2,

P =2pue; e A (6)

is the rate at which energy is dissipated by viscosity in each element of the fluid, and
e;; 1s the strain tensor given by
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ou; ou;
%= ( ox; " 8_ij . 2
For an incompressible fluid, we have
e; = 0.
Thus we have
D=2u eé .
Making use of equations (1)—(3), we can simplify equation (5) to the following form:
ou
g(pch)+i(pu.ch)=i Kﬁ—T —p—+ D+D,—- o*C ®)
ot ox; ox; |  ox; ox 8xj

oc oc o oc o°T

—+u, +S g ?

o Yox,  ou, [majj ren ®
OH, 2
_+_uH —uH . )=nV°H.. 10
a Tax A=V H, 1o

]
Solonoidal character of magnetic field yields

OH;

=0, 11
o (11)

p=py{l+a(T~Ty)~a'(C,~CO)} . (12)
In the above equations, p is the density; ¢ is the time; x;(j =1, 2, 3) are, respec-
tively, the Cartesian co-ordinates (x, y, z); u;(=u,v,w) are the components of the

velocity; X;(i =1, 2, 3) are the external force components in x, y, z-directions; p is the
pressure; w is the viscosity; C, is the specific heat at constant volume; T is the tem-
perature; C is the concentration; K is the coefficient of thermal conductivity; 7, is the
coefficient of mass diffusivity; Sy and D, are coefficients that arise due to the Soret
effect and Dufour effect; « and @’ are, respectively, the thermal and analogous con-
centration coefficients of expansion; H,;(=0,0, H)is the magnetic field; u, is the
magnetic permeability; 7 is the magnetic diffusivity.

We now make use of the Boussinesq approximation to simplify the above funda-

mental system of equations. The essence of this approximation is that the inertial ef-
fects produced by density variations are negligible in comparison to the gravitational
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effects. This implies that p can be taken as constant everywhere in the equation of

motion except in the term with external force.
Thus, within the framework of the Boussinesq approximation, the fundamental
equations governing the present problem take the following form:

Ouj

—L =0, 13
o) (13)

1

~ 5 ,
aui+u aui — i(£+MJ+VV2Mi+(1+a—p+aiJX-+LH/_aaHi ’(14)
7 bx.
J

o ox j ox; \ Py 8mp, Po Po 4mp,
a—T+uja—T:KV2T+DfV2C, (15)
ot ox;
oC oC 2 2
—A4u,—=nV-C+S, VT, 16

J

O,y OHi _ gy O +aVH,, (17)
ot / ox; ox;

aHi —
a_x,._o’ (18)
p=pyil+a(ly-T)-a'(C,-O)}, (19)

where:
op = poa(Ty —T),
op' = pya'(Cy = C),

K= is the heat diffusivity,
pOCv
D, = D. .
pOCv

The governing equations (13)—(19) yield the following initial stationary state solu-
tions:

(uz v, W) = (Oa 07 O)a
r=T1,-pz,

C: CO_ﬂZZ,
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B = OT is the maintained uniform adverse temperature gradient,
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p =p(l+afiz-a'p,z),

P=P - +
0 gpo(z > >

H:(Oa 0’ H)a

a,B122 0{’ﬂzz2

J

By = P is the uniform favourable concentration gradient.

Let op,(u,v,w), 0,

(20)

@, p, (h., h,, h,) denote the perturbations in the density p, the

velocity (0, 0, 0), the temperature 7, the concentration C, the pressure P and the mag-

netic field H , respectively. Then the linearized perturbation equations are given by:

)

Ou 6v ow _0
o ay oz
ou 2 Oh, Oh
il op)+uVu —+ =
P, ( p)+u ( o
oh,
po@=—i(5p)+/N2V+”e )
ot oy oz oy
ow 0 '
Po—- o Z—E(5p)+yvzw+gapOH—gap0¢,

o0
= Bw+xV:6+D V4,

% =Bw+nVig+S, V6,

By s
ot 0z

21

(22)

(23)

24

(25)

(26)

27
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oh ov

Yy 2
S=H 4V, (28)
a;’tz =H ‘Z—”Zv +V2h,, (29)
oh
%+—y+% =0. (30)
ox oy Oz

Since the fluid under consideration is confined between two horizontal planes z = 0
and z = d, the variables must satisfy certain boundary conditions on them. Thus, the
boundary conditions on w,6,¢ and A, are given by:

w=0=0=¢ on both boundaries,

2
2 VZV =0 on a tangential stress-free boundary everywhere,

z
ow .
—=0 on a rigid boundary,
Oz

(31

h. =0 on both boundaries if the regions outside the fluid

z

are perfectly conducting,

O, =—ah_atz=d
0z if the region outside the fluid are insulating.
Oh

Z=+4ah atz=0

4

We shall now investigate the stability of the system by analyzing an arbitrary per-
turbation in a complete set of normal modes individually. For the problem in hand, the
analysis can be made in terms of two-dimensional periodic waves of assigned num-
bers. Thus, to all quantities describing the perturbations we ascribe a dependence on x,
y and ¢ of the form

(u,v,w,0,0,0p,h,,h,,h.)
={u'(2),v'(2),w(2),0'(2),¢'(2),9p'(2), 6h, (2), 6h, (2), 6h_(2) }
-exp(ik,x +ik y + nt), (319

where k,, k, are the wave numbers along the x- and y-directions, respectively,
k=.k>+ k)z) is the resultant wave number and #» is the growth rate which is, in gen-
eral, a complex constant.

Making use of expression (31'), the system of equations (21)—(30) yield the fol-
lowing linearized perturbation equations:
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ik +ik v+ =0, (32)
i Z
> oh!
=k Py — k7 |+ ik B |, 33
pOnu x » /u(dzz Ju 4TC (az x zj ( )
d’ 2 ﬂH Gh'
‘=—k,op'+ -k e ik B |, 34
oty v ﬂ(d J 47t(8z o G4
’ d ' d2 2 ’ ’ rar
pon' == "+ ) kT W gpeat —gpyad (33)
2 2
IR KCARyES Y ey P (36)
dz dz
r_ ’ d2 2 ’ d2 2 ’
ng' = pw +n, —dzz—k P+, —dzz—k g, (37
, dl/l' d2 2 f
nhszE-H] ?—k hx’ (38)
h'—Hd—V'+ d—z—kz h (39)
"= dz g dz* v’
, aW' d2 2 '
nhZZHE'F?] E_k hz, (40)
ikxh;+ikyh;+dhzz =0. (41)

Multiplying equation (33) by ik, and (34) by ik,, adding the resulting equations and
making use of equations (32) and (41), we have

aw' 20 d’? 2 |aw /1 d2 2 |y
—=—k"Pp'+u — -k = -k |\hl. 42
Polt dz v ,u( dz* J dz dz : (42)

Eliminating &p" between equations (42) and (35), we arrive at

2 2 2 7,2 11 2 i
(d_z_kzj(d e Jw,zgakﬁ_gak(/ﬁ_ pH (d_ deh )
v

dz dz* v v dnpyv | dz* dz
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Further equations (36), (37), (40) can be written as

d’ 2 Ny ﬂwr Df d’ '

[E‘k ‘;]“’ g el 0

2 ’ S 2
d_z_kz_ﬁ AW S d_z_kZ g, (45)

dz U T m \ dz

2 ’
d_z_kz_ﬁ h;z_ﬂd_w. (46)

dz n n dz

kz%’ izgg y’{;:%w’, é:ﬂeda &:ﬂ¢d’ }’\):ndzﬂ
4
| 2 (46")
o=2, = s =Y p =Ly
K K n Hk

Using the above non-dimensional quantities, omitting caps and dashes for simplic-
ity, the system of equations (42)—(45) assume the following non-dimensional forms:

(D? —az)(Dz -a’ —£jw= R, a*0—R.a’¢p—QD(D* —a’)h., (47)
(o2
(D> —a* - p)0+D,.(D* -a*)p=—w, (48)
[DZ—a2—£)¢+ST(DZ—a2)e=—K, (49)
T T
and
(DZ pe —ﬂ)hz — _Dw. (50)
(o2

The boundary conditions (31) in view of (31") and (46’) assume the following
form:

w=0=0=¢ on both boundaries,

D*w=0 on a tangent stress-free boundary everywhere, 51
Dw=0 on a rigid boundary,

h. =0 on both boundaries if the regions outside the fluid

are perfectly conducting,
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Dh_=—-ah_atz=1
Dh, =ah_atz=0
The meanings of symbols from physical point of view are as follows:
z 1s the vertical coordinate,

d/dz is the differentiation along the vertical direction,

a” is the square of horizontal wave number,

} if the regions outside the fluid are insulating. &)

o= v is the thermal Prandt]l number,

K
o1 = Y s the magnetic Prandtl number,
n
T= n is the Lewis number,
K
A .
R, = gapd_ is the thermal Rayleigh number,
KU
d* . :
R = gafhd is the concentration Rayleigh number,
KL
2172 2
H .
=M 1s the Chanderasekhar number,
yold)

D.
D, = D, is the Dufour number,
K

S
Sy = A5 is the Soret number,
Bomy

¢ is the concentration,

0 is the temperature,
p is the complex growth rate,
w is the vertical velocity,

h. is the vertical magnetic field.
In equations (47)—(50), z is real independent variable such that 0 <z <1, D =

d/dz is differentiation w.r.t. z, a® is a constant, ¢ > 0 is a constant, o, > 0 is a con-

stant, 7 > 0 is a constant, Ry and Ry are the positive constants for the Veronis’ con-
figuration and the negative constant for Stern’s configuration, p = p, + ip; is a com-
plex constant in general such that p, and p; are real constants and as a consequence
the dependent variables w(z) = w(z) + iw(z), 6(z) = 6.(z)+ i6,(z) and ¢(z) =

¢.(z) + ig(z) are complex valued functions (and their real and imaginary parts are

real valued).
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We now prove the following theorems:

Theorem 1: If (p, w, 6, ¢, h.), p = p, + ip;, p, = 0 is a solution of equations (47)—
(50) together with boundary conditions (51) with Ry > 0, Ry > 0 and
Qo + Ro <1, then

2 2_442 —
T 4r°n"k;

1 1 1
[4DwP +a® | wP)dz > Qo [( DI, | +a* |, )dz + Ra’a [|$Pdz. (52)
0 0 0

Proof: We introduce the transformations

w=(S;+B)w,
0=EO+F¢,
(53)
¢ =S,0+Bg,
h,=(S;+B)h_,
where
p—L4
T
E:ST+BA,
Dy +4
Fe ST+BDT,
D, +4

and 4 is a positive root of the equation
A+ (t-1)A-78,D, =0.

The system of equations (47)—(50) together with boundary conditions (51), upon
using the transformation as defined above, takes the following form:

(D*-a?) [DZ e —ij= R, a’*0-Ria’¢—OD(D* —a*)h. (54)
O

(ky(D* —a®) = p)0=-w, (55)

(@(Dz ) —ﬁjqﬁ -2 (56)
T

)
T
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(DZ P p—al)hz - —Dw, (57)
o
w=0=0=¢ on both boundaries,
D*w=0 on a tangent stress-free boundary everywhere,
Dw=0 on a rigid boundary, (58)
h,=0 on both boundaries if the regions outside the fluid
are perfectly conducting,
Dh_=—ah_atz=1 ) ) ) ) ) )
if the regions outside the fluid are insulating,
Dh, =ah_atz=0
where
ky =1+ ﬂ, ky,=1- Sr—fr are positive constants,

R - (Dy + ARy B+ RgS;) _ (S, + B)(RgA+ R, Dy)
! BA-S,D, BA-S,.D,
modified thermal Rayleigh number and the modified concentration Rayleigh number.
The sign tilde has been omitted for simplicity.

, R are, respectively, the

Multiplying equation (57) by 4. (the complex conjugate of 4.), integrating the re-
sulting equation over the range of z by parts a suitable number of times, and making
use of the boundary conditions (58) we arrive at

1 1 1
aM+I(|DhZ 2+ |h |2)dz+ﬂj|hz |2dz=—ijhj , (59)
0 < 0 0

where M = {(|h, )y +(|h. )} 20.

Equating the real part of equation (59), we obtain
1

1
aM+J.(|DhZ ?+a?|h, |2)dz+Mj| h, Pdz
0 o 0

1
=Real part of (—Iw D, dzj
0

<

jw DH. dz
0

1
sj|w||DhZ \dz

0
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1 1/2 1 1/2
< { j w2 dz} { j | Dh, dz} (using Schwartz inequality).
0 0

Since p, > 0, therefore from inequality (60) we have

1 1 1/2 1 1/2 1 1
I|th 2 dz<{j|w|2 dz} {I|th|2dz} or I|th 2 arz<j|w|2 dz |
0 0 0 0 0

Using inequality (61), it follows from inequality (60) that

1 1
j(whz ?+a?|h, |2)dz<J'| wl? dz.
0 0

Since w(0) = 0 = w(1), therefore using the Rayleigh—Ritz inequality [9], we get

1 1
j|w|2dz<i2j|Dw|2dz.
0 n 0

It follows from inequalities (62) and (63) that

1 1 1
[4Dh, P +a|h, |2)dz<i2J'|Dw|2dz <i2j(|Dw|2 +a* | wl)dz
0 T 0 n 0

or

1 1
00, [(IDh, P +a* |, )z + Rio a* [| 4 dz
0 0

1 1
<%I(|Dw|2 +a? |w|2)dz+R;aa2j|¢|2 dz .
0 0
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(60)

(61)

(62)

(63)

(64)

Multiplying equation (56) by the complex conjugate of equation (56) and inte-
grating by parts over the vertical range of z for an appropriate number of times and

making use of the boundary conditions (58) we have
1 1
i3 [( D’ P +20° | DG +a* | )z +2p,15 [ (| D[ +a® | §)dz
0 0

Ipl

2
T

J’_

S — —

Since p, > 0, therefore from equation (65) it follows

1
1
|¢|2dz=—zj'|w|2dz.
v 0

(65)
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1

2,2
°k;

1 1
[UD%6 20> | Y[ +a* | ¢ Pz < [|w] dz. (66)
0 0

Since ¢(0) = 0 = ¢(1), therefore using the Rayleigh—Ritz inequality [9] we have
1 1
n2j|¢|2 dz<j|D¢|2dz
0 0
and also
1 1
n4J.| P> dz SJ.| D*¢|* dz (using the Schwartz inequality). (67)
0 0

It follows from inequalities (66) and (67) that

1 1
(n2+a2)2j|¢|2dz< 212j|w|2dz,
0 °k; 0
or
1 1
(n’ +a*)? 2 1 2
I ra) dz < wl? dz ,
~ !|¢| pee £| |
or

1 1
1
2 2 2
a dz<———||wldz,
_(|).|¢| pRERTE: !I |

2, 22
) .. T +a .
since the minimum value of % for @ > 0 is 4n°.
a

Hence the following inequality results from (63)
1 | 1 | 1
2 2 2 2, 2. 2
a dz <——— || Dw|'dz <——— | (| Dw| +a” | w|")dz
{ 9P < { | Dwlds < e { (1 Dwl +a* |wf’)

or

Rio

1
R'a’c 2dz < ‘
' -[' /| 47t42'2k22

j(| Dwl +a* | wP)dz. (68)
0

Now from inequalities (64) and (68), we obtain
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1 1
00, [(IDh, [ +a* | b, P)dz + Rid’c [ | 4" dz
0 0

<(QO'1 N Ro

1
— Dwl +a* |w|P)dz . 69
= 412754,(22}!0 P+’ wl’) (69)

Therefore, if

’
QGI ng < 1
-
T’ 42'271:41(22

then from inequality (69) we arrive at
1 1 1
[4DwP +a® |wi)dz> 00, [( Db, [ +a® | h, ') dz + Ria*c[| 4 dz,  (70)
0 0 0

and this completes the proof of the theorem.

We note that the left-hand side of equation (70) represents the total kinetic energy
associated with a disturbance, while the right-hand side represents the sum of its total
magnetic and concentration energies, and Theorem 1 may be stated in the following
equivalent form:

At the neutral or unstable state in the hydromagnetic double-diffusive convection
problem of the Veronis’ type coupled with cross diffusions, the total kinetic energy
associated with a disturbance is greater than the sum of its total magnetic and concen-
tration energies in the parameter regime

Qal RSU <1

n* Arntk;
and this result is uniformly valid for any combination of dynamically free or rigid
boundaries that are either perfectly conducting or insulating.

Theorem 2: If (p, w, 6, ¢, h.), p = p, + ip;, p- > 0 is the solution of equations (47)—
(50) together with boundary conditions (51) with Ry <0, Rs < 0, and

Qo (|Rrla g,
T 4k,

then

1 1 1
[UDWP +a® | wP)dz> 00y [(|1 DR, P+ | b, ") dz+ | Ry |aa [|0F d=. (T1)
0 0 0
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Proof. Similar to that of Theorem 1.

We note that the left-hand side of equation (71) represents the total kinetic energy asso-
ciated with a disturbance, while the right-hand side represents the sum of its total magnetic
and thermal energies, and Theorem 2 may be stated in the following equivalent form:

At the neutral or unstable state in the hydromagnetic double-diffusive convection
problem of the Stern’s type coupled with cross diffusions, the total kinetic energy
associated with a disturbance is greater than sum of its total magnetic and thermal
energies in the parameter regime

Qo |Rrla
T 4k,

and this result is uniformly valid for any combination of dynamically free or rigid
boundaries that are either perfectly conducting or insulating.

3. CONCLUSIONS

In the present paper, the hydromagnetic double-diffusive convection problem of
the Veronis’ and Stern’s type configuration coupled with cross diffusion is considered.
The investigation of cross diffusion effect is motivated by its interesting complexities
as a double-diffusive phenomenon which has its importance in various fields such as
high-quality crystal production, oceanography, production of pure medication, solidi-
fication of molten alloys, exothermally heated lakes and magmas. The analysis made
brings out the following main conclusions:

(i) At the neutral or unstable state in the magnetohydrodynamic double-diffusive
convection problem of the Veronis’ type coupled with cross diffusion, the total kinetic
energy associated with a disturbance is greater than the sum of its total magnetic and
concentration energies in the parameter regime

Qo, Rlo |
n* Artntk;

and this result is uniformly valid for any combination of dynamically free or rigid
boundaries that are either perfectly conducting or insulating.

(ii) At the neutral or unstable state in the hydromagnetic double-diffusive convec-
tion problem of the Stern’s type coupled with cross diffusions, the total kinetic energy
associated with a disturbance is greater than sum of its total magnetic and thermal
energies in the parameter regime

Rl
QCZ)'L +| T4|f$1
T 4k
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and this result is uniformly valid for any combination of dynamically free or rigid
boundaries that are either perfectly conducting or insulating.
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