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Abstract: Ground improvement with granular piles 
increases the load-carrying capacity, reduces the 
settlement of foundations built on the reinforced ground 
and is also a good alternative to concrete pile. Granular 
piles or stone columns are composed of granular material, 
such as crushed stone or coarse dense sand. An analytical 
approach based on the continuum approach is presented 
for the non-linear behaviour of the granular pile. The 
formulation for pile element displacement is done 
considering the non-homogeneity of the granular pile as 
it reflects the true behaviour and also accounts for the 
changes in the state of the granular pile due to installation, 
stiffening and improvement effects. The present study 
shows that the settlement influence factor for an end-
bearing granular pile decreases with increase in the 
relative stiffness of the bearing stratum. The settlement 
influence factor decreases with increase in linear and 
non-linear non-homogeneity parameters for all values of 
relative length. For a shorter pile, the rate of decrease of 
the settlement influence factor is greater in comparison to 
that for a longer pile. Shear stress at the soil–granular pile 
interface reduces in the upper compressible portion of the 
granular pile and increases in the lower stiffer portion of 
the granular pile due to the non-homogeneity of an end-
bearing granular pile.

Keywords: end-bearing granular pile; relative stiffness 
of bearing stratum; relative stiffness of granular pile; 
deformation modulus; settlement influence factor.

Abbreviations
GP = granular pile; L = length of GP; D = diameter of 
GP; P = load on GP; Egp = deformation modulus of the 
material of the GP; z* (= z/L) normalised depth of GP; 
Es, νs = deformation modulus and Poisson’s ratio of soil; 
Kgp0 = relative stiffness of GP = (Egp0/Es); pb = pile base 
pressure; α and δ = degrees of non-homogeneity of GP;Isp 
= settlement influence factors; Eb/Es = relative stiffness of 
the bearing stratum; τ* = normalised shear stresses of GP 
= (τ/(P/πdL)); n = total number of elements of GP; Egp= 
stress-independent deformation modulus or deformation 
modulus at the top of the GP; νb = Poisson’s ratio for the 
base of the GP.

1  Introduction
A number of analyses are available for the estimation 
of the settlement of piles and pile groups based on the 
continuum approach [1-3], but most of them are for 
homogeneous piles and soil masses. The reasons for the 
non-homogeneity of granular piles have been discussed 
by Madhav et al. [4] and Gupta and Sharma [5].

Analysis of a non-homogeneous floating granular pile 
was presented by Madhav et al. [4], considering the linear 
variation of the deformation modulus with the length 
of the granular pile. Gupta and Sharma [5] analysed 
non-homogeneous floating granular piles considering 
the non-linear variation of the deformation modulus 
with the length of the pile. Alamgir et al. [6] proposed 
the deformation behaviour of a soft ground reinforced 
with stone columns installed in a group, using a simple 
analytical approach. Madhav et al. [7] discussed about the 
settlement and load distribution in a granular piled raft. 
Zhang et al. [8] presented the settlement calculation of a 
foundation of composites reinforced with stone column. 
Indraratna et al. [9] presented a numerical model (finite 
difference method) to analyse the response of stone 
column–reinforced soft soil under embankment loading. 
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Randolph and Wroth [10] presented an analysis of the 
deformation of vertically loaded piles in linear elastic 
soil. The application of this method in pile design was 
discussed, and design curves were sketched for different 
geometries in two typical soft clay deposits. Eldho et al. 
[11] presented a case study on ground improvement using 
stone columns and prefabricated vertical drains (PVDs). 
Hayashi et al. [12] described the field performance of 
PVDs used in combination with reinforced embankment 
on peaty ground. Cecilia and Serge [13] presented the 
case studies of stone column improvement in a seismic 
area. An inventory of the observed performance of such 
systems in seismic conditions and recent applications 
of stone columns combined with pile foundations were 
presented. Andreou and Papadopoulos [14] studied 
the factors affecting the settlement estimation of stone 
column-reinforced ground. Etezad et al. [15] presented an 
analytical model to predict the bearing capacity of soft soil 
reinforced with stone columns under rigid raft foundation 
subject to general shear failure mechanism. The model 
utilises the limit-equilibrium method and the concept of 
composite properties of reinforced soil.

Construction of granular piles is done in stages, with 
granular material placed in lifts in the hole and then 
compacted. Increase of in situ confining stresses from the 
surrounding soil with depth may lead to different degrees 
of compaction and unit weight with depth, leading to non-
homogeneity of granular pile in terms of its deformation 
modulus, although the energy input for compaction at 
each stage of construction of the granular pile is constant. 
Depending on the design requirements, granular piles 
are normally constructed to penetrate the soft layer fully, 
if the latter is not very thick (e.g. less than 12.0–15.0  m) 
and ends on a bearing stratum. For normal-sized granular 
piles, smaller values of L/d represent shorter piles, while 
larger values correspond to longer piles.

2  Problem definition and method of 
analysis
The basic assumptions in the analysis are as follows:
1. The base of the stone column/granular pile is assumed 

to be smooth and rigid, across which the load is uni-
formly distributed [4].

2. The disturbance effects in the in situ soil due to the 
installation of granular piles are ignored and conside-
red as homogeneous.

3. The installation effect is considered in terms of the 
non-linear deformation modulus of the granular pile.

4. The settlement of the granular pile depends on its 
deformation modulus and geometry, besides the mag-
nitude of the load. Based on various previous studies, 
the consideration of non-homogeneity of the granular 
pile is appropriate and close to the in situ behaviour. 
The non-homogeneity of a granular pile is considered 
in terms of its deformation modulus with non-linear 
variation.

The essential steps of the analysis are described in the 
following sections.

2.1  Soil displacements

The granular pile is discretised into n cylindrical elements 
acted upon by shear stresses τ, with the base having a 
uniform pressure pb. The granular pile base is assumed to 
be smooth, across which the load is uniformly distributed. 
The soil displacements of the nodes on the granular pile 
periphery and the centre of each element are evaluated 
based on the influence of the elemental shear stresses. 
Thus, the soil displacement equation for a granular pile 
resting on a stiff bearing stratum is as follows:

, (1)

where {Ss} and {ρs} are the soil displacement and the 
normalised soil displacement vectors, respectively; {ρs} 
is of size n for end-bearing granular piles; {τ/Es} is the 
column vector of size n of shaft stresses only, excluding 
the base pressure. To account for the influence of the 
bearing stratum, the mirror image approximation [1] 
is used. The influence of the mirror image elements 
is taken as κ times the influence of shear stresses on 
the real elements in the negative direction, where κ 
is a non-dimensional parameter that accounts for the 
compressibility of the base and lies between zero and 
one for a floating granular pile and a granular pile resting 
on a rigid stratum, respectively (Fig. 1). [Isp] is a square 
matrix of the soil displacement influence coefficients of 
size n for an end-bearing granular pile. [Ispim] is a square 
matrix of the soil displacement influence coefficients due 
to the image elements of size n.

2.2  Pile displacements

Settlement of the base of a granular pile resting on a 
bearing stratum of finite compressibility is approximated 
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by the equation for the displacement of a rigid circular 
disc on a semi-infinite mass as shown in Eq. 2:

                                                      . (2)

From the equilibrium equation, the base pressure is 
expressed in terms of shear stresses as follows:

(3)

Thus, the settlement of the base can be expressed in terms 
of the applied load and the mobilised shear stresses, using 
Eqs. (2) and (3), as follows:

(4)

Settlement of the nth element is estimated as the 
settlement of the base plus the settlement of the element 
due to the axial stress acting on it, as shown in Eq. (5):

(5)

where σn/Egp is the axial strain of the nth element and ∆z is the 
element length. As the pile is compressible, the settlement 
of each node is different: it is the least for the base node 
and gradually increases for the upward nodes, with the 
maximum at the top of the pile. Thus, the settlement of 
any node is calculated as the settlement of the base plus 
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Fig. 2 Pile discretisation scheme 4 
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Figure 2: Pile discretisation scheme.
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Fig. 3 (a) End-bearing pile (b) Variation of modulus of deformation with depth 12 
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Fig. 5 Variation of settlement influence factor Isp, with relative stiffness, Kgp0 for End –bearing 17 

Figure 3: (a) End-bearing pile; (b) variation of modulus of 
deformation with depth.
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the settlement of all the elements downwards to the node 
and half of the settlement of the element related with the 
node under consideration. Settlement of any element i is 
estimated as the settlement of the (i+1)th element plus the 
settlement of the element due to the axial stress acting on 
it. Thus, the settlement of any element i of the granular 
pile is represented as follows:

(6)

This set of displacement equations is expressed in matrix 
form as shown in Eq. (7):

(7)

where [∆1] is the upper triangular matrix as per Eq. (6), 
incorporating the non-homogeneity of the granular 
pile. Furthermore, using Eq. (4) for replacing the base 
displacement, Eq. (7) can be written as follows:

(8)

where {1} and [1] are, respectively, the column vector and 
the square matrix of size n in which each term is unity. 
The shaft shear stresses and axial stresses of the elements 
are related (based on equilibrium relationship) as follows:

(9)

The equation may be written in the matrix form for 
elements i = 1...n as follows:

(10)

where [∆2] is the lower triangular matrix of size n in which 
the diagonal and off-diagonal terms are 0.5 and 1.0, 
respectively. Using the relationship between axial stresses 
and shaft shear stresses (Eq. 10), the final form of the 
displacement equations for elements i =1…n in terms of 
the shaft shear stresses shown in Eq. (8) is as follows:

(11)

where

(12)

2.3  Compatibility of displacements

Satisfying the compatibility of vertical displacements 
of the granular pile resting on a stiff bearing stratum [1] 
and the soil, the solutions are obtained in terms of the 
interface shear stresses and base pressure.

(13)

For a granular pile resting on a stiff bearing stratum, 
satisfying Eqs. (1) and (11), the interface shear stresses are 
as follows:

(14)

For estimation of κ, an iterative technique suggested by 
Poulos and Mattes [2] is used. With an initial chosen value 
of κ, Eqs. (3) and (14) are solved to estimate the n unknown 
shear stresses, τ, and base pressure, pb. Having obtained 
the solution for the chosen value of κ, a closer estimate 
of the correct value of κ is obtained by considering the 
compatibility between the displacements of the soil and 
the bearing stratum at the pile tip. The soil displacement 
at the pile tip is represented as follows:

(15)

 and sbim
jI  are the displacement influence coefficients 

for the tip due to shear stresses on the real and imaginary 
elements of j, respectively. However, due to the symmetry

, equating the soil displacement at the pile tip 
to the displacement of the base due to the base stress pb  
(Eq. 2), the new value of the parameter κ is obtained as 
follows:

(16)
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Eq. (14) is solved iteratively using the new value of κ, and 
the process is repeated until the required convergence is 
obtained for the value of κ.

The normalised top settlement of a single non-
homogeneous end-bearing granular pile is obtained as 
follows:

(17)

The top settlement of a single non-homogeneous end-
bearing granular pile is obtained as follows:

(18)

where Isp is the settlement influence factor, which depends 
on various parameters related to the granular pile and 
the soil. The overall response of the non-homogeneous 
granular pile is evaluated in terms of the settlement 
influence factor, normalised shear stress and axial load 
distributions along the granular pile–soil interface, 
as well as the percentage of load transferred to the 
base. Parameters affecting the overall response are (i) 
length-to-diameter ratio of the granular pile (L/d), (ii) 
the relative stiffness parameter, Kgp0 =(Egp0/Es), (iii) the 
relative stiffness of the bearing stratum Eb/Es, (iv) the 
degree of non-homogeneity of granular pile, α and δ, and 
the (v) Poisson’s ratios of the soft soil (νs) and the base 
(νb). Results are also evaluated in terms of variation of 
normalised axial load Pz

* (= Pz/P).The axial load of pile 
Pz up to any element m from the top of granular pile is 
defined as in Eq. (19):

(19)

3  Results and discussion
Results are obtained for the following ranges of non-
dimensional parameters: Kgp0 = Egp0/Es = 10–1000, Eb/
Es=1–1000, α=0–4, δ=0–4, νs=0.3–0.5, νb=0.3–0.5 and L/
d= 10–40. The results obtained in this analysis have been 
validated with those of Mattes and Poulos [1], for single 
compressible end-bearing homogeneous piles (α=0). The 
agreement has been very close as shown in Table 1.

The variation of the settlement influence factor Isp 
with the relative granular pile–soil stiffness parameter, 
Kgp0, for the relative length of a floating granular pile L/d 
= 10 and the relative stiffness of bearing stratum Eb/Es=10 
is depicted in Fig. 4, showing the effect of the degree of 
non-linear non-homogeneity, δ. With the increase of the 
relative stiffness parameter, Kgp0, the settlement influence 
factor Isp decreases for all values of the non-linear non-
homogeneity parameter δ. The settlement influence 
factor decreases with an increase of the degree of non-
homogeneity, δ, due to variation in the deformation 
modulus of the granular pile. The non-homogeneity 
parameter increases the deformation modulus with 
depth. This leads to a rearrangement of the interfacial 
shaft stresses along the pile length. The effect of the 
degree of non-homogeneity is pronounced in the range of 
Kgp0 = 10–150. The settlement influence factors for Kgp0 = 
50, Eb/Es = 10 and δ = 0, 1, 2, 3 and 4 are 0.137, 0.129, 0.122, 
0.117 and 0.113, respectively. The percentage decrements 
in the settlement influence factors in comparison to that 
of the homogeneous end-bearing granular pile are 5.83, 
10.9, 14.6 and 17.51 for δ = 1, 2, 3 and 4, respectively. The 
effect of non-homogeneity on the settlement influence 
factor decreases with increasing values of Kgp0 in the range 
of 700–1000.

Figure 5 shows the variation of the settlement 
influence factor Isp with the relative granular pile–soil 
stiffness parameter, Kgp0, the relative stiffness of the 
bearing stratum Eb/Es =100, for a relative length of the 
floating granular pile L/d = 10, along with the effect of 
the degree of non-homogeneity, δ. With the increase 
of the relative stiffness parameter, Kgp0, the settlement 
influence factors Isp decrease for all values of the non-
homogeneity parameter δ. The settlement influence 
factor decreases with increase in the degree of non-
homogeneity, δ. As expected, the settlement influence 
factors for a granular pile resting on a relatively stiff 

Table 1: Validation of results with those of Mattes and Poulos [1] and 
Poulos and Mattes [2].

Parameters Settlement influence 
factor (Isp)

References

(a) End-bearing pile

L/d = 10, Kgp0 = 100,

νs = 0.5, Eb/Es = 100

0.0776  [1, 2]

(b) End-bearing pile

L/d = 10, Kgp0 = 100,

νs = 0.5, Eb/Es = 100

0.07756 Present analysis
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stratum, Eb/Es = 100, are less compared to those resting 
for a granular pile on a stratum of stiffness, Eb/Es = 10 
for all values of the non-homogeneity parameter, δ, and 
relative stiffness parameter, Kgp0. The stiffer the bearing 
stratum (Eb/Es =100), the more load is transferred to the 
base and the effect of the non-homogeneity parameter, 
δ, on the settlement influence factor, decreases. The 
settlement influence factors for Kgp0 = 50, Eb/Es = 100 and 
for δ = 0, 1, 2, 3 and 4 are 0.123, 0.110, 0.102, 0.096 and 
0.0909, respectively. The percentage decrements in the 
settlement influence factors in comparison to that of a 
homogeneous end-bearing granular pile are 10.6, 17.07, 
21.9 and 26.09 for δ = 1, 2, 3 and 4, respectively. The effect 
of non-homogeneity on the settlement influence factor 
decreases with increasing values of Kgp0.

Figure 6 shows the variation of the settlement influence 
factor Isp with the relative granular pile–soil stiffness 
parameter, Kgp0, with the effect of the degree of non-

linear non-homogeneity, δ, and linear non-homogeneity 
parameter of non-homogeneous end-bearing granular pile 
(α=2). With increase in the relative stiffness parameter, Kgp0, 
and the linear non-homogeneity parameter, α=0 (Fig. 5) to 
α=2 (Fig. 6), the settlement influence factor Isp decreases 
for all values of the non-homogeneity parameter δ. In the 
range of Kgp0=700–1000, the effect of the degree of non-
linear non-homogeneity, δ, reduces and the settlement 
influence factor becomes almost the same for all values of 
the degree of non-homogeneity.

Figure 7 shows the variation of the settlement 
influence factor Isp with the relative granular pile–soil 
stiffness parameter, Kgp0, with the effect of the degree 
of non-linear non-homogeneity, δ, and the linear non-
homogeneity parameter of a non-homogeneous pile 
(α=2). The settlement influence factors for a granular pile 
resting on a relatively stiff stratum, Eb/Es = 100 (α=2), are 
lower compared to those for a pile resting on a stratum 
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Figure 4: Variation of the settlement influence factor Isp, with the 
relative stiffness, Kgp0, for an end-bearing granular pile: effect of the 
non-linear non-homogeneity parameter, δ (Eb/Es=10).
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of stiffness, Eb/Es = 10 (α=2) (Fig. 7), for all values of the 
non-homogeneity parameter, δ, and the relative stiffness 
parameter, Kgp0.

Figure 8 shows the variation of the settlement influence 
factor Isp with the relative stiffness parameter, Kgp0, for a 
longer granular pile (L/d =20) resting on a bearing stratum 
(Eb/Es = 10 and 100) with the effect of the degree of non-
linear non-homogeneity, δ. The effect of the stiffness of the 
bearing stratum, Eb/Es, on the reduction of the settlement 
influence factor is also less for granular pile stiffness 
parameter, Kgp0, in the range of 10–30 . This is due to the 
relatively lower values of stiffness of the longer granular 
pile in the upper region and the presence of bearing strata 
at great depth. The effect of non-homogeneity is more 
in the range of Kgp0 = 30–200. The settlement influence 
factors for Kgp0 = 100, Eb/Es = 100 and δ = 0, 1, 2, 3 and 4 
are 0.104, 0.096, 0.091, 0.086 and 0.083, respectively. The 
percentage reductions in the settlement influence factors 
with respect to those of a homogeneous granular pile are 
7.7, 12.5, 17.03 and 20.19, respectively. While for Eb/Es = 10 
and δ = 0, 1, 2, 3 and 4, the settlement influence factors 
are 0.113, 0.108, 0.103, 0.099 and 0.097, respectively. The 
percentage reductions in the settlement influence factors 
with respect to those of a homogeneous granular pile are 
4.2, 8.8, 12.4 and 14.15, respectively. It can be said that the 
settlement reduction increases with increase in relative 
stiffness of the bearing stratum.

Figure 9 depicts the variation of the settlement 
influence factor Isp with the relative stiffness parameter, 
Kgp0, for a longer granular pile (L/d =20, α=2) resting on 
a bearing stratum (Eb/Es = 10 and 100) with the effect of 
the degree of non-linear non-homogeneity, δ. Percentage 
reduction in the settlement influence factor, Isp (α=2), is 
less in comparison to that for the linear non-homogeneity 
parameter α=0. For Eb/Es =100, percentage reduction in 

the settlement influence factor is more in comparison to 
that for Eb/Es =10.

Variation of the settlement influence factor Isp with the 
relative stiffness, Kgp0, of the granular pile with the effect 
of the linear non-homogeneity parameter, α, is shown in 
Fig. 10. The effect of the degree of non-homogeneity of 
granular pile is pronounced for relative stiffness Kgp0 in 
the range of 10–200, and the settlement influence factor 
decreases with increase in values of Kgp0. For a relatively 
longer pile, the reduction in the settlement influence 
factor decreases in the Kgp0 range of 10–200, in comparison 
to that for a shorter pile.

The effect of the relative length (L/d) of the granular 
pile and the relative stiffness of the bearing stratum (Eb/
Es) on the settlement influence factor (Isp) with linear 
non-homogeneity parameter (α) is presented in Fig. 11 for 
Kgp0 = 50. The rate of decrease of the settlement influence 
factor with α is more for relatively shorter granular piles 
(L/d =10 and 20). In the case of longer granular pile with 
L/d = 40, the effect of non-homogeneity on the settlement 
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Fig. 6 Variation of settlement influence factor Isp, with relative stiffness, Kgp0 for End –bearing 19 

                     Granular Pile -effect of non-linear non-homogeneity parameter, δ (α=2, L/d=10, Eb/Es=10) 20 

 21 

Fig. 7 Variation of settlement influence factor Isp, with relative stiffness, Kgp0 for End –bearing 22 

                     Granular Pile -effect of non-homogeneity parameter, δ (α=2, L/d=10, Eb/Es=100) 23 

 24 

Fig. 8 Variation of settlement influence factor Isp, with relative stiffness, Kgp0 for End –bearing 25 Figure 8: Variation of the settlement influence factor Isp, with the 
relative stiffness, Kgp0, for an end-bearing granular pile: effect of the 
non-linear non-homogeneity parameter, δ (α=0, L/d =20, Eb/Es =10 
and 100).

4 
 

 26 
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Figure 9: Variation of the settlement influence factor Isp, with the 
relative stiffness, Kgp0: effect of the non-linear non-homogeneity 
parameter, δ (α=2, L/d = 20, Eb/Es =10 and 100).

4 
 

 26 
Fig. 9 Variation of settlement influence factor Isp, with relative stiffness, Kgp0  27 

                                -effect of non linear non-homogeneity parameter, δ (α=2, L/d= 20, Eb/Es=10 and 100) 28 

 29 

                   Fig. 10    Variation of settlement influence factor Isp, with relative stiffness, Kgp0 for 30 

                                  End –bearing Granular Pile -effect of linear non-homogeneity parameter, α 31 

 32 
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Figure 10: Variation of the settlement influence factor Isp with the 
relative stiffness, Kgp0, for end-bearing granular pile: effect of linear 
non-homogeneity parameter, α.
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influence factor is negligible: due to the presence of the 
bearing strata at great depth, very less load is transferred 
to the lower reaches of the long homogeneous (α = 0) 
compressible granular pile. The same phenomenon had 
been reported by Mattes and Poulos [1] and Scott [16]. 
Consequently, even if the modulus of deformation of the 
granular pile is higher (α > 0) due to non-homogeneity, its 
effect on reduction in settlement would be very little. For 
the same reason, settlements of long granular piles (L/d = 
40) on a bearing stratum are little affected by the relative 
stiffness of the bearing stratum. The values of Isp for L/d 
= 40 are nearly the same for Eb/Es = 50 and 1000. The 
effect of the relative stiffness of the bearing stratum on the 
settlement influence factor is more for a shorter granular 
pile and increases with increase in the degree of the non-
homogeneity parameter, α.

Figure 12 shows the variation of the settlement 
influence factor with the linear non-homogeneity 
parameter, α, with the effect of the relative length (L/d) 
of granular pile. The settlement influence factor decreases 
with increase in the linear non-homogeneity parameter 
for all values of relative length. For a shorter pile (L/d 
=10), the rate of decrease of the settlement influence 
factor is more in comparison to that for a longer pile (L/d 
=40). Furthermore, with increase in the non-linear non-
homogeneity parameter δ=0–2, the percentage reduction 
of the settlement influence factor increases.

Variation of the settlement influence factor, Isp, with 
the linear non-homogeneity parameter, α, for the relative 
length of the pile, with the effect of the relative stiffness 
of granular pile, is shown in Fig. 13. With increase in the 
non-linear non-homogeneity parameter, δ (0–2), the rate 
of decrease of the settlement influence factor increases. 
For a short pile, i.e. L/d =10, the rate of decrease of the 
settlement is more in comparison to that for a longer pile 
(L/d =20).

Figure 14 shows the variation of the settlement 
influence factor, Isp, with non-linear non-homogeneity 
parameter, δ, for a relative length of pile, with the effect 
of the relative stiffness of the granular pile. With increase 
in the non-linear non-homogeneity parameter, δ, the 
settlement influence factor decreases. The rate of decrease 
of the settlement influence factor is greater for a shorter 
pile. With further increase in the linear non-homogeneity 
parameter, α, from zero to two, the rate of decrease of the 
settlement influence factor increases more in comparison 
to that for a homogeneous granular pile with linear 
variation of the deformation modulus.

Figure 15 shows the variation of the settlement 
influence factor, Isp, with non-linear non-homogeneity 
parameter, δ, for a relative length of the pile, with the effect 

of the relative stiffness of the granular pile. With increase 
in the non-homogeneity parameter, δ, the settlement 
influence factor decreases. Furthermore, with increase 
in the linear non-homogeneity parameter, α, from zero to 
two, the settlement influence factor decreases.
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                   Fig. 11   Variation of settlement influence factor Isp, with non-homogeneity parameter, α for 33 Figure 11: Variation of the settlement influence factor Isp, with the 
non-homogeneity parameter, α, for end-bearing granular pile: effect 
of the relative stiffness of the bearing stratum (Eb/Es).
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Fig. 12 Variation of settlement influence factor, Isp with linear non-homogeneity 35 
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Fig. 13 Variation of settlement influence factor, Isp with linear non-homogeneity 38 
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Fig. 14 Variation of settlement influence factor Isp with non-linear non-homogeneity  41 

Figure 12: Variation of the settlement influence factor, Isp, with the 
linear non-homogeneity parameter, α, for end-bearing granular pile: 
effect of L/d (δ=0 and 2).
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Fig. 13 Variation of settlement influence factor, Isp with linear non-homogeneity 38 
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Fig. 14 Variation of settlement influence factor Isp with non-linear non-homogeneity  41 

Figure 13: Variation of the settlement influence factor, Isp, with the 
linear non-homogeneity parameter, α, for end-bearing granular pile: 
effect of L/d (Eb/Es =10, Kgp0=100).
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Figure 16 shows the variation of the settlement 
influence factor, Isp, with the non-linear non-homogeneity 
parameter, δ, for the relative length of a pile, with the 
effect of the relative stiffness of granular pile. With 
increase in non-homogeneity parameter, δ, the settlement 
influence factor decreases. Furthermore, with increase 

in the linear non-homogeneity parameter, α from zero 
to two, the settlement influence factor decreases. With 
further increase in relative stiffness Kgp0=50 (Fig. 15) to 100 
(Fig. 16), the rate of decrease of settlement influence factor 
decreases.

The variation of the settlement influence factor (Isp) 
with the relative stiffness of the bearing stratum (Eb/Es) is 
presented in Fig. 17 for L/d = 10 and 20, Kgp0 = 50 and for 
different values of the linear non-homogeneity parameter, 
α. The settlement influence factor decreases with increase 
of both parameters, i.e. relative stiffness of the bearing 
stratum and the degree of non-homogeneity, δ. The 
settlement reduction is greater for a shorter granular pile.

Figure 18 shows the variation of the settlement 
influence factor (Isp) with relative stiffness of the bearing 
stratum (Eb/Es) for L/d = 10 and L/d =20, Kgp0 = 100 and 
different values of the non-linear non-homogeneity 
parameter, δ. The settlement influence factor decreases 
with increase in relative stiffness of bearing stratum 
for both L/d =10 and 20. For the relative stiffness of the 
bearing stratum (Eb/Es) in the range of 10–1000, the rate of 
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Fig. 13 Variation of settlement influence factor, Isp with linear non-homogeneity 38 
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Fig. 14 Variation of settlement influence factor Isp with non-linear non-homogeneity  41 
Figure 14: Variation of the settlement influence factor Isp with the 
non-linear non-homogeneity parameter, δ, for end-bearing granular 
pile: effect of relative length, L/d (Eb/Es =100).
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Fig. 15 Variation of settlement influence factor Isp with non-linear non-homogeneity  44 
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Fig. 16 Variation of settlement influence factor Isp with non-linear non-homogeneity  47 

                                 parameter, δ for End-bearing GP-effect of L/d (Kgp0=100, Eb/Es=10) 48 
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Figure 15: Variation of the settlement influence factor Isp with the 
non-linear non-homogeneity parameter, δ, for end-bearing granular 
pile: effect of L/d (Kgp0=50, Eb/Es =100).
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Figure 16: Variation of settlement influence factor Isp with non-linear 
non-homogeneity parameter, δ, for end-bearing granular pile: effect 
of L/d (Kgp0=100, Eb/Es =10).

7 
 

 50 

Fig. 17 Variation of settlement influence factor  with relative stiffness of bearing stratum,  (Kgp0 = 50) 51 

 52 

Fig. 18 Variation of settlement influence factor  with relative stiffness of bearing stratum, (Kgp0 = 100) 53 
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Fig. 19 Variation of settlement influence factor, Isp  with  55 

             relative stiffness, Eb/Es of bearing stratum, (α=2) 56 

Figure 17: Variation of the settlement influence factor with relative 
stiffness of bearing stratum (Kgp0 = 50).
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Fig. 18 Variation of settlement influence factor  with relative stiffness of bearing stratum, (Kgp0 = 100) 53 
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Fig. 19 Variation of settlement influence factor, Isp  with  55 

             relative stiffness, Eb/Es of bearing stratum, (α=2) 56 

Figure 18: Variation of the settlement influence factor with relative 
stiffness of bearing stratum (Kgp0 = 100).
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decrease of the settlement influence factor (Isp) decreases 
for relative length L/d =20, in comparison to that for L/d 
=10. The effect of non-homogeneity of the granular pile, δ, 
on settlement reductions is greater for a shorter granular 
pile.

The variation of the settlement influence factor (Isp) 
with the relative stiffness of bearing stratum (Eb/Es) is 
presented in Fig. 19 for L/d = 10 and L/d =20, Kgp0 = 100 
and different values of the non-linear non-homogeneity 
parameter, δ. The settlement influence factor decreases 
with increase of both parameters, i.e. relative stiffness 
of bearing stratum and the degree of non-homogeneity, 
δ. The effect of non-homogeneity in the reduction of the 
settlement influence factor is significant at higher values 
of relative stiffness of the bearing stratum (Eb/Es = 100 or 
1000). The settlement influence factors for Eb/Es = 10 and 
α = 0 at δ=0 and δ=2 are approximately 0.0776 and 0.0732 
for L/d =10. For L/d =20 and α=2, the settlement influence 
factors are 0.0929 and 0.088 for δ=0 and δ=2, respectively. 
For all values of relative stiffness of the bearing stratum, 
the effect of the non-homogeneity of the granular pile on 
the settlement reductions of granular pile is greater for 
a shorter granular pile. Figure 19 also shows that with 
increase in the linear non-homogeneity parameter, i.e. 
from α=0 to α=2, the rate of decrease of the settlement 
influence factor is greater for the relative length L/d =10 
and 20.

Variation of normalised shear stress τ* [= τ/(P/πdL)] 
with the normalised depth z* (= z/L) can be seen in Fig. 
20 for L/d =10 and Kgp0 = 50, also showing the effect of the 
linear non-homogeneity parameter, α, for a granular pile 
resting on a stiff bearing stratum (Eb/Es = 10 and 1000). 
Shear stress at the soil–granular pile interface reduces in 
the upper compressible portion of the granular pile and 
increases in the lower stiffer portion of granular pile due 
to the non-homogeneity of the end-bearing granular pile. 
Beyond the normalised depth of about z* = 0.85, shear 
stresses increase slightly for the linear non-homogeneity 
parameter, α=2, 3 and 4 and Eb/Es = 10, due to transfer of 
load from the upper region to the lower stiffer region. Shear 
stresses at these depths are negative for Eb/Es = 1000, due 
to the relatively greater settling of the soil surrounding 
the granular pile compared with the deformation of the 
granular pile, i.e. an effect similar to a downdrag effect. 
From the pattern of shear stresses, it can be concluded 
that due to non-homogeneity of the granular pile, larger 
loads are transferred to the base, resulting in a reduction 
of the interfacial shear stresses over a significant length 
of the granular pile. The effect of non-homogeneity in 
reducing the interface shear stresses is more for the linear 
non-homogeneity parameter, α, increasing from zero to 

one in comparison to the effect due to α increasing from 
one to two or from two to four.

The influence of the non-homogeneity parameter 
(α) and the relative stiffness of the bearing stratum (Eb/
Es) on the distribution of normalised shear stresses with 
normalised depth is presented in Fig. 21 for L/d = 20 and 
Kgp0 = 50. Results are shown for homogeneous (α = 0) and 
non-homogeneous granular pile (α = 2, 3 and 4), for soft 
(Eb/Es = 10) and rigid (Eb/Es = 1000) base conditions. It 
can be observed that non-homogeneity in deformation 
modulus causes a reduction in the shear stresses in the 
top half and an increase of the stresses in the lower half of 
the granular pile. The neutral point, i. e. the depth above 
which shear stresses become reduced and below which 
they increase, moves down with increasing stiffness of the 
bearing stratum. For granular pile resting on a relatively 
stiff (Eb/Es = 100) bearing stratum α= 0 and 2, the reduction 
in shear stresses is greater for L/d =20 than for L/d =10.

The variation of normalised shear stress τ* = τ(πdL)/P 
with normalised depth Z*(=Z/L) is presented in Fig. 22 
and Fig. 23 for L/d =10 and 20, respectively, for Kgp= 50 
with the effect of the degree of linear non-homogeneity, 
α (δ=2), of a granular pile. With the increase in the degree 
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Fig. 19 Variation of settlement influence factor, Isp  with  55 
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Figure 19: Variation of the settlement influence factor, Isp with 
relative stiffness, Eb/Es, of the bearing stratum (α=2).
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Fig. 20 Variation of shear stress with depth with effect of linear  non- homogeneity parameter, α (L/d=10) 58 
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Fig. 21 Variation of shear stress with depth with effect of linear  non- homogeneity parameter, α (L/d=20) 60 
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Fig. 22 Variation of shear stress with depth with effect of linear  non- homogeneity parameter, α (δ=2) 62 

Figure 20: Variation of shear stress with depth with effect of linear 
non-homogeneity parameter, α (L/d =10)
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of non-linear non-homogeneity, δ= 2 of the granular pile, 
the shear stress decreases with depth in the upper portion 
of the granular pile approximately over half of its length 
and increases in the lower half of the granular pile. With 
increase in relative stiffness of the bearing stratum Eb/Es 
=10 to 1000, the shear stresses decrease.

Distribution of normalised axial load, Pz
* (= Pz/P), with 

normalised depth z* (= z/L) of a granular pile resting on a 
stiff bearing stratum (Eb/Es = 100) is shown in Fig. 24 for 
L/d = 10 and 20, Kgp0 = 50, along with the influence of linear 
non-homogeneity parameter, δ. The normalised axial load 
of the granular pile decreases with normalised depth due 
to transfer of load through interfacial shear stresses. The 
normalised axial load of granular pile increases with the 
increase in the degree of non-homogeneity of the granular 
pile due to reduction in the interfacial shear stresses, as 
shown in Fig. 24. Interestingly, the normalised load of 
granular pile increases for z  >  0.85L due to the psuedo-
downdrag effect in that region of the granular pile, as 
shown in Fig. 23. The values of Pz

* at the normalised depth 

of z* = 0.6 are 0.506, 0.584, 0.636 and 0.702 for δ = 0, 1, 2 
and 4, respectively.

Distribution of normalised axial load, Pz
* (= Pz/P) with 

normalised depth z* (= z/L) of a granular pile resting on a 
stiff bearing stratum (Eb/Es = 100) is shown in Fig. 25 for 
L/d = 10 and 20 and Kgp0 = 50, along with the influence of 
the non-homogeneity parameter, α. The normalised load 
of the granular pile reduces with depth due to transfer of 
load through interfacial shear stresses. The normalised 
load in the granular pile increases slightly for z > 0.9L due 
to the negative shear stresses along the granular pile–soil 
interface near the region of the stiff bearing stratum. With 
the increase in the degree of linear non-homogeneity of 
the granular pile, the normalised load along the granular 
pile increases at all depths and becomes uniform due to 
reduction in interfacial shear stresses, as seen in Fig. 25. 
The non-homogeneity of the granular pile resting on a stiff 
bearing stratum increases the transfer of load to the base 
significantly.
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Fig. 20 Variation of shear stress with depth with effect of linear  non- homogeneity parameter, α (L/d=10) 58 
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Fig. 22 Variation of shear stress with depth with effect of linear  non- homogeneity parameter, α (δ=2) 62 

Figure 21: Variation of shear stress with depth with effect of linear 
non-homogeneity parameter, α (L/d =20).
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Fig. 21 Variation of shear stress with depth with effect of linear  non- homogeneity parameter, α (L/d=20) 60 
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Fig. 22 Variation of shear stress with depth with effect of linear  non- homogeneity parameter, α (δ=2) 62 Figure 22: Variation of shear stress with depth with effect of linear 
non-homogeneity parameter, α (δ=2).
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Fig. 23 Variation of shear stress with depth with effect of linear  non- homogeneity parameter, α (L/d=20) 64 
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Fig. 24 Variation of normalised axial load, Pz
* (= Pz/P), with normalised  66 

                          depth z* (= z/L)-effect of non-linear non-homogeneity parameter, δ (α=0) 67 

 68 

Fig. 25 Variation of normalised axial load, Pz
* (= Pz/P), with normalised  69 

                            depth z* (= z/L)-effect of non- linear non-homogeneity parameter, α (δ=2) 70 

Figure 23: Variation of shear stress with depth with effect of linear 
non-homogeneity parameter, α (L/d =20).
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Fig. 25 Variation of normalised axial load, Pz
* (= Pz/P), with normalised  69 

                            depth z* (= z/L)-effect of non- linear non-homogeneity parameter, α (δ=2) 70 

Figure 24: Variation of normalised axial load, Pz
* (= Pz/P), with 

normalised depth z* (= z/L): effect of non-linear non-homogeneity 
parameter, δ (α=0).
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The variation of the percentage base load, (Pb/P) × 100, 
with the relative stiffness parameter, Kgp0, can be seen in 
Fig. 26 (Eb/Es = 10) for different relative lengths L/d of the 
granular pile. The percentage base load increases with the 
non-homogeneity parameter due to the transfer of more 
loads from the top region of the granular pile to the base. 
The base load is larger for a short granular pile, due to the 
presence of the stiff bearing stratum at a shallower depth.

The variation of the percentage base load, (Pb/P) × 100, 
with the relative stiffness parameter, Kgp0, can be seen in 
Fig. 27, with Eb/Es = 10 for different relative lengths L/d 
of the granular pile. The percentage base load increases 
with the non-homogeneity parameter due to the transfer 
of greater load from the top region of the granular pile 
to the base. The base load is larger for a short granular 
pile, due to the presence of a stiff bearing stratum at a 
shallower depth. In the case of a short granular pile (L/d 
=10), the rate of increase of the base load with α is less 
due to the higher load transferred to the base even for a 
homogeneous granular pile (α = 0). For a long granular 
pile (L/d =20), this rate is also less due to the presence 
of the bearing stratum at great depth. The percentage 
base loads for L/d = 10, δ=0 and Kgp0=100 for α = 0 and 
4 are 50.95 and 60.34, respectively, while for L/d = 20, 
the corresponding values are 27.5 and 42.3, respectively. 
Similarly the percentage base loads for L/d = 10, δ=2 and 
Kgp0=100 for α = 0 and 4 are 56.53 and 61.15, respectively, 
while for L/d = 20, the corresponding values are 35.93 and 
43.81, respectively. It is also observed that at L/d =10 and 
20 for higher values of Kgp0, i.e. in the range of 600–1000, 
the percentage base load is almost the same for α=1, 2, 3 
and 4.

Fig. 28 shows the variation of percentage base load, 
(Pb/P) × 100, with relative stiffness of the bearing stratum, 
Eb/Es, for different values of the non-homogeneity 

parameter (δ) and relative length of the granular pile (L/d) 
for Kgp0 = 100. The base load increases both with relative 
stiffness of the bearing stratum (Eb/Es) and with the 
non-linear non-homogeneity parameter δ. For a floating 
granular pile (Eb/Es = 1), the effect of the non-homogeneity 
of the granular pile on the base load is insignificant. The 
percentage increment in the base load for an increase in 
the non-linear non-homogeneity parameter, δ, from zero 
to one is greater in comparison to the increase of δ from 
one to two for any relative length of the pile. In the case 
of a long granular pile, the percentage base load is less in 
comparison to the base load for a short granular pile. The 
effect of non-homogeneity of granular pile on the base 
load increases with the increase in the relative stiffness of 
the bearing stratum. For Eb/Es = 1000, the bearing stratum 
is almost rigid and the percentage base load becomes 
nearly constant with further increase in Eb/Es.

Figure 29 shows the variation of the percentage 
base load, (Pb/P)  ×  100, with relative stiffness of the 
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Fig. 25 Variation of normalised axial load, Pz
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Figure 25: Variation of normalised axial load, Pz

* (= Pz/P), with 
normalised depth z* (= z/L): effect of non-linear non-homogeneity 
parameter, α (δ=2).
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Fig. 26 Variation of the percentage base load, (Pb/P)100, with relative stiffness  72 
                         parameter, Kgp0 -effect of linear non-homogeneity parameter, α (Eb/Es=10, δ=0) 73 

 74 

Fig. 27 Variation of the percentage base load, (Pb/P)100, with relative stiffness 75 
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Figure 26: Variation of the percentage base load, (Pb/P) × 100, 
with the relative stiffness parameter, Kgp0: effect of the linear non-
homogeneity parameter, α (Eb/Es =10, δ=0).
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Fig. 27 Variation of the percentage base load, (Pb/P)100, with relative stiffness 75 
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Fig. 28 Variation of percentage base load, (Pb/P)100, with relative stiffness of 78 
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Figure 27: Variation of the percentage base load, (Pb/P) × 100, 
with the relative stiffness parameter, Kgp0: effect of the linear non-
homogeneity parameter, α (δ=2).
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bearing stratum, Eb/Es, for different values of the non-
homogeneity parameter (δ) and relative lengths of the 
granular pile (L/d) for Kgp0 = 100. The base load increases 
both with relative stiffness of the bearing stratum (Eb/Es) 
and the non-linear non-homogeneity parameter, δ. With 
increase in the linear non-homogeneity, α=0–2, of the 
granular pile, the rate of increase of the percentage base 
load is greater. For a longer granular pile, the percentage 
base load is less in comparison to the base load for a 
shorter granular pile. The effect of non-homogeneity 
of the granular pile on the base load increases with the 
increase in the relative stiffness of the bearing stratum. 
For Eb/Es = 1000, the bearing stratum is almost rigid, and 
the percentage base load becomes nearly constant with 
further increase in Eb/Es.

4  Conclusions
The present analysis is based on the elastic continuum 
approach. The formulation of a new pile displacement 
matrix for the non-linear variation of the deformation 
modulus for an end-bearing granular pile is developed 
using the finite difference technique. The formulation 
for a floating granular pile displacement matrix for the 
non-linear variation of the deformation modulus has 
been developed previously, using the finite difference 
technique [5]. The non-homogeneity parameters α and δ 
are introduced, which represent the linear and non-linear 
non-homogeneities up to the power of two degrees.
a) A new pile displacement matrix is developed for end-

bearing granular pile, incorporating the non-linear 
behaviour in terms of the deformation modulus. 
The present formulation is applicable to and can be 
extended for any degree of non-homogeneity.

b) Numerical solutions for the top displacement, 
normalised shear stress and load distributions with 
depth, as well as the percentage load transferred to 
the base, are obtained for a non-homogeneous end-
bearing granular pile in homogeneous soil conditions.

c) The reductions in settlement for end-bearing non-
homogenous granular pile are in the range of 20%–
40% with respect to the settlement of a homogeneous 
granular pile depending on the relative stiffness 
of the bearing stratum and the degree of the non-
homogeneities α and δ of the end-bearing granular 
pile.

d) The settlement influence factor decreases with 
increase in the linear and non-linear non-homogeneity 
parameters α and δ for all values of relative length. For 
a shorter pile, the rate of decrease of the settlement 
influence factor is greater in comparison to that for a 
longer pile due to the presence of the bearing stratum 
at a shallow depth.

e) The shear stresses in the top 85% of the length of 
the granular pile decrease with increase of the non-
linear non-homogeneity parameter, δ. In the region 
near the bearing stratum of the end-bearing granular 
pile, the shear stresses obtained are negative, i.e. an 
effect similar to downdrag. This is due to the major 
load transferred to the base. In order to achieve 
compatibility of the displacements of the nodes for 
both the soil and the granular pile near the bearing 
stratum, shear stresses become negative.

f) The axial load distribution with depth increases 
with the non-homogeneity parameters α and δ due 
to reduction in the interfacial shear stresses. The 
reductions in interfacial shear stresses are mainly due 
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Fig. 28 Variation of percentage base load, (Pb/P)100, with relative stiffness of 78 
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Figure 28: Variation of percentage base load, (Pb/P) × 100, with 
relative stiffness of the bearing stratum, Eb/Es, for different values of 
the non-linear non-homogeneity parameter, δ (α=0).
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Fig. 29 Variation of percentage base load, (Pb/P)100, with relative stiffness of  81 

        bearing stratum, Eb/Es, for non-linear non-homogeneity parameter, δ (α=2) 82 

Figure 29: Variation of percentage base load, (Pb/P) × 100, with 
relative stiffness of the bearing stratum, Eb/Es, for the non-linear 
non-homogeneity parameter, δ (α=2).
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to the transfer of a major part of the shaft stresses to 
the bearing stratum.

g) The percentage of load transferred to the pile base 
increases with the increase of the degree of non-
homogeneity of the granular pile.
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