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Abstract:  The effect of the degree of consolidation and 
the stress path on the behaviour of remoulded Fujinomori 
clay for drained triaxial compression and extension was 
analysed using the Frictional State Concept. It is shown 
that the stress–dilatancy behaviour can be approximated 
by a linear general dilatancy equation given by the critical 
frictional state angle and two soil parameters. The newly 
formulated dilatant failure state is represented on the 
stress ratio plastic dilatancy plane by points lying on 
the friction state line defined by the friction state angle 
and the Friction State Concept parameters α=0 and β=1. 
It has been shown that the stress ratio–plastic dilatancy 
relationship, which is very rarely used in the interpretation 
of test results, is important for a complete description of 
the behaviour of soils during shearing.

Keywords: clay; stress–dilatancy; frictional state 
concept; critical state.

1  Introduction
The phenomenon of soil dilatancy is the key to the 
characterising the strength and deformation of soils. The 
best known are the Rowe [10, 11] and Bolton [2] stress–
dilatancy relationships for granular soils. Similarly, 
the dilatancy equations of Cam-clay and Modified 
Cam-clay [16] models are known for remoulded and 
normally consolidated clay. For structured and highly 
overconsolidated clays, however, the Cam-clay model’s 
stress–dilatancy relationships should be modified. By 

differentiating the plastic potential functions of the 
classical elasto-plastic model, various stress–plastic 
dilatancy relationships can be obtained [9]. Szypcio [13] 
developed a general stress–plastic dilatancy relationship 
for soils based on the Frictional State Concept (FSC). 
The linear general stress–plastic dilatancy relationship 
defined by the critical frictional state angle (ϕo) and two (α, 
β) parameters of the soil can describe the real behaviour 
of soil at different stages of shearing. The Critical State 
Concept assumes that the critical frictional state angle 
is independent of the deformation mode (triaxial 
compression (TXC), plane strain and triaxial extension 
(TXE)), stress level, overconsolidation ratio (OCR) and 
the initial state of the soil. The critical state angle (ϕcs) for 
some soils depends on the deformation mode [1], and the 
stress level [5, 12] and structure of soil [3, 4]. The critical 
frictional state angle and the critical state angle are equal 
(ϕo=ϕcs) for sands and fully destructured clay [14].

In this paper, the stress–plastic dilatancy behaviour 
of Fujinomori clay during drained triaxial tests will be 
analysed. Data from drained TXC and TXE tests conducted 
by Nakai and Hinokio [8] with various OCRs and different 
stress paths conducted by Nakai and Matsuoka [6] will be 
taken for analysis. The influence of OCR and stress path on 
the stress–plastic dilatancy behaviour will be presented.

2  General dilatancy equation
The general stress ratio–plastic dilatancy equation of the 
FSC [13] is

 𝜂𝜂𝜂𝜂 = 𝑄𝑄𝑄𝑄 − 𝐴𝐴𝐴𝐴𝐷𝐷𝐷𝐷𝑝𝑝𝑝𝑝 (1) (1)

where

 𝜂𝜂𝜂𝜂 = 𝑞𝑞𝑞𝑞 𝑝𝑝𝑝𝑝′⁄  (2) (2)

 𝑄𝑄𝑄𝑄 = 𝑀𝑀𝑀𝑀𝑜𝑜𝑜𝑜 − 𝛼𝛼𝛼𝛼𝐴𝐴𝐴𝐴𝑜𝑜𝑜𝑜 (3) (3)

 𝐴𝐴𝐴𝐴 = 𝛽𝛽𝛽𝛽𝐴𝐴𝐴𝐴𝑜𝑜𝑜𝑜 (4) (4)
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(5) 𝐷𝐷𝐷𝐷𝑃𝑃𝑃𝑃 = 𝛿𝛿𝛿𝛿𝜀𝜀𝜀𝜀𝜐𝜐𝜐𝜐
𝑝𝑝𝑝𝑝 𝛿𝛿𝛿𝛿𝜀𝜀𝜀𝜀𝑞𝑞𝑞𝑞

𝑝𝑝𝑝𝑝�  (5) 

where where 𝛿𝛿𝛿𝛿𝜀𝜀𝜀𝜀𝜐𝜐𝜐𝜐
𝑝𝑝𝑝𝑝 = 𝛿𝛿𝛿𝛿𝜀𝜀𝜀𝜀𝜐𝜐𝜐𝜐 − 𝛿𝛿𝛿𝛿𝜀𝜀𝜀𝜀𝜐𝜐𝜐𝜐𝑒𝑒𝑒𝑒 , 𝛿𝛿𝛿𝛿𝜀𝜀𝜀𝜀𝑞𝑞𝑞𝑞

𝑝𝑝𝑝𝑝 = 𝛿𝛿𝛿𝛿𝜀𝜀𝜀𝜀𝑞𝑞𝑞𝑞 − 𝛿𝛿𝛿𝛿𝜀𝜀𝜀𝜀𝑞𝑞𝑞𝑞𝑒𝑒𝑒𝑒.    .   
For drained TXC,

𝑀𝑀𝑀𝑀𝑜𝑜𝑜𝑜 = 𝑀𝑀𝑀𝑀𝑐𝑐𝑐𝑐
𝑜𝑜𝑜𝑜 =  (6sin𝜙𝜙𝜙𝜙o) (3− sin𝜙𝜙𝜙𝜙o)⁄  (6) (6)

 𝐴𝐴𝐴𝐴𝑜𝑜𝑜𝑜 = 𝐴𝐴𝐴𝐴𝑐𝑐𝑐𝑐𝑜𝑜𝑜𝑜 =  1 −𝑀𝑀𝑀𝑀𝑐𝑐𝑐𝑐
𝑜𝑜𝑜𝑜 3⁄  (7) (7)

 𝑝𝑝𝑝𝑝′ =  (𝜎𝜎𝜎𝜎1′ + 2𝜎𝜎𝜎𝜎3′) 3⁄  (8) (8)

 𝛿𝛿𝛿𝛿𝜀𝜀𝜀𝜀𝜐𝜐𝜐𝜐 = 𝛿𝛿𝛿𝛿𝜀𝜀𝜀𝜀1 + 2𝛿𝛿𝛿𝛿𝜀𝜀𝜀𝜀3 (9) (9)

where σ‘
1=σa is the conventional axial symmetry stress and 

σ‘
1=σr=σθ are the conventional radial and circumferential 

stresses.
For drained TXE,

𝑀𝑀𝑀𝑀𝑜𝑜𝑜𝑜 = 𝑀𝑀𝑀𝑀𝑒𝑒𝑒𝑒
𝑜𝑜𝑜𝑜 =  (6sin𝜙𝜙𝜙𝜙o) (3 + sin𝜙𝜙𝜙𝜙o)⁄  (10) (10)

 𝐴𝐴𝐴𝐴𝑜𝑜𝑜𝑜 = 𝐴𝐴𝐴𝐴𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜 =  1 − 2𝑀𝑀𝑀𝑀𝑒𝑒𝑒𝑒
𝑜𝑜𝑜𝑜 3⁄  (11) (11)

 𝑝𝑝𝑝𝑝′ =  (2𝜎𝜎𝜎𝜎1′ + 𝜎𝜎𝜎𝜎3′) 3⁄  (12) (12)

 𝛿𝛿𝛿𝛿𝜀𝜀𝜀𝜀𝜐𝜐𝜐𝜐 = 2𝛿𝛿𝛿𝛿𝜀𝜀𝜀𝜀1 + 𝛿𝛿𝛿𝛿𝜀𝜀𝜀𝜀3 (13) (13)

where σ‘
1=σr=σθ and σ‘

3=σa are the conventional stresses for 
TXE.

For TXC and TXE,

𝑞𝑞𝑞𝑞 =  𝜎𝜎𝜎𝜎1′ − 𝜎𝜎𝜎𝜎3′  (14) (14)

 𝛿𝛿𝛿𝛿𝜀𝜀𝜀𝜀𝑞𝑞𝑞𝑞 = 2(𝛿𝛿𝛿𝛿𝜀𝜀𝜀𝜀1 − 𝛿𝛿𝛿𝛿𝜀𝜀𝜀𝜀3) 3⁄  (15) (15)

 𝛿𝛿𝛿𝛿𝜀𝜀𝜀𝜀𝜐𝜐𝜐𝜐
𝑝𝑝𝑝𝑝 = 𝛿𝛿𝛿𝛿𝜀𝜀𝜀𝜀𝜐𝜐𝜐𝜐 − 𝛿𝛿𝛿𝛿𝜀𝜀𝜀𝜀𝜐𝜐𝜐𝜐𝑒𝑒𝑒𝑒 (16) (16)

 𝛿𝛿𝛿𝛿𝜀𝜀𝜀𝜀𝑞𝑞𝑞𝑞
𝑝𝑝𝑝𝑝 = 𝛿𝛿𝛿𝛿𝜀𝜀𝜀𝜀𝑞𝑞𝑞𝑞 − 𝛿𝛿𝛿𝛿𝜀𝜀𝜀𝜀𝑞𝑞𝑞𝑞𝑒𝑒𝑒𝑒 (17) (17)

 𝛿𝛿𝛿𝛿𝜀𝜀𝜀𝜀𝜐𝜐𝜐𝜐𝑒𝑒𝑒𝑒 = 𝛿𝛿𝛿𝛿𝑝𝑝𝑝𝑝′ 𝐾𝐾𝐾𝐾⁄  (18) (18)

 𝛿𝛿𝛿𝛿𝜀𝜀𝜀𝜀𝑞𝑞𝑞𝑞𝑒𝑒𝑒𝑒 = 𝛿𝛿𝛿𝛿𝑞𝑞𝑞𝑞 3𝐺𝐺𝐺𝐺⁄  (19) (19)

 𝐾𝐾𝐾𝐾 = 𝜐𝜐𝜐𝜐 𝑝𝑝𝑝𝑝′ 𝜅𝜅𝜅𝜅⁄  (20) (20)

 𝐺𝐺𝐺𝐺 = 3
2
1−2𝜈𝜈𝜈𝜈
1+𝜈𝜈𝜈𝜈

𝜐𝜐𝜐𝜐𝜐𝜐𝜐𝜐′

𝜅𝜅𝜅𝜅
 (21) (21)

 𝜐𝜐𝜐𝜐 = 1 + 𝑒𝑒𝑒𝑒 (22) (22)

where ϕo is the critical frictional state angle, e the void 
ratio, κ the slope of swelling line in the e-ln p’ plane (Cam-
clay model parameter) and ν is the Poisson’s ratio.

For drained TXC, the dilatancy equation of the Cam-
clay model is [16]

𝐷𝐷𝐷𝐷 = 𝑀𝑀𝑀𝑀𝑐𝑐𝑐𝑐 − 𝜂𝜂𝜂𝜂 (23) (23)

and of the Modified Cam-clay model is [16]

 𝐷𝐷𝐷𝐷 = �𝑀𝑀𝑀𝑀𝑐𝑐𝑐𝑐
2 − 𝜂𝜂𝜂𝜂2� 2𝜂𝜂𝜂𝜂⁄  (24) (24)

 𝑀𝑀𝑀𝑀𝑐𝑐𝑐𝑐 = 6 sin𝜙𝜙𝜙𝜙𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 (3− sin𝜙𝜙𝜙𝜙𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)⁄  (25) (25)

where ϕcs is the critical state angle. 

3  Tested soil
The results of drained triaxial tests of Fujinomori clay 
conducted by Nakai and Hinokio [8] and Nakai and 
Matsuoka [6] will be analysed. Specimens for tests were 
prepared by mixing natural Fujinomori clay (wL=44.7%, 
wP=24.7%, Gs=2.65) with deaerated water and were one 
dimensionally consolidated under the pressure of 49 kPa. 
The initial water content in the clay sample prepared in 
this way was approximately 40% [6, 8]. This method 
of sample preparation completely destroys the natural 
structure of Fujinomori clay.

The samples prepared in this way were consolidated 
isotropically to the pressure pc and unloaded to the 
pressure p0. In the experiments conducted by Nakai and 
Hinokio [8] for OCR = 1, 2, 4, p0=196 kPa and for OCR = 8, 
p0=98 kPa. In the drained TXC and TXE tests conducted 
by Nakai and Matsuoka [6], pc=p0=196 kPa (OCR = 1) 
and samples were loaded under different stress paths 
σ‘

3=constant, p‘=constant, σ‘
1=constant. The void ratio of 

the clay sample at the onset of shear was calculated from 
the equation
       

𝑒𝑒𝑒𝑒0 = 1.311− 𝜆𝜆𝜆𝜆 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙(𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 49⁄ ) + 𝜅𝜅𝜅𝜅 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙(𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 𝑝𝑝𝑝𝑝0⁄ )  (26) (26)

For Fujinomori clay, λ=0.105 and κ=0.023 [7, 8]. In the 
calculations, ν=0.15 was adopted.

4  Methodology
High-degree polynomials were used to segmentally 
approximate the relationships η-εq, ευ-εq (σ‘

1 ⁄σ‘
3-εa, ευ-εa) 

obtained in the tests. A lot of attention has been given to 
the connection conditions between the segments. At the 
connection points, there should not only be the same 
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function values, but also a very small difference of the 
first derivatives. Approximation polynomials were used 
to calculate the stress–plastic dilatancy relationships. 
For the different stages of elasto-plastic deformation, 
the stress–plastic dilatancy relations were approximated 
by linear functions defined by Equation (1) and the 
parameters α and β were calculated for each stage. This 
procedure was described in detail in [15].

5  OCR effect of clay behaviour 
during shearing
The behaviour of the remoulded Fujinomori clay under 
different OCRs during drained TXC is shown in Figure 1. On 
the basis of the experimental results [8] of the relationship 
between the stress ratio and the shear strain (Fig. 1a) and 
of the volumetric strain and the shear strain (Fig. 1b), the 
relationship between the stress ratio and plastic dilatancy 
was calculated (Fig. 1c).

The behaviour of clay during shear is highly dependent 
on OCR. For OCR = 1 and 2, contractive behaviour and for 
OCR = 4 and 8, dilative behaviour are observed. In all 
tests, plastic strains (Dp≠0) occur from the onset of the 
shear (Fig. 1c). Dilatant failure states (DFS) are defined as 
deformation states that are represented by the maximum 
curvature of the η-Dp curve. A similar definition of DFS was 
introduced in [15]. These points are marked in Figure 1c. 
For the tested clay, DFS and failure states are different. The 
points representing DFS lie on the frictional state line (FSL) 
defined by Equation (1) with α=0 and β=1.0. According to 
FSC, FSL intersects the vertical axis at Mo

c= 1.38 (ϕo=34.1°), 
representing the slope of the critical state line in the q-p‘ 

plane [13, 14]. The critical frictional state angle ϕo=34.1° 
is 0.4° higher than critical state angle ϕcs=33.7° [6, 8]. In 
the pre-DFS and post-DFS, the dependence of the stress 
ratio on plastic dilatancy can be approximated by straight 
lines defined by Equation (1) with different parameters 
α and β (Fig. 1c). The β parameter defining the slope of 
the approximated stress ratio–plastic dilatancy line in 
pre-DFS increases with OCR. For post-DFS, β≈0. For highly 
consolidated clay, the shear band is formulated in the 
sample and the calculated stresses and strains may not 
be completely correct. The stress–dilatancy relationships 
calculated from the equations of the Cam-clay model (23) 
and the Modified Cam-clay model (24) are also shown 
in Figure 1. The descriptions of the stress–dilatancy 
behaviour of remoulded clay normally consolidated 
under a constant mean pressure stress path with the use 
of FSC and Cam-clay models are very similar and correct. 

The Modified Cam-clay model badly describes the stress–
dilatancy behaviour of the tested clay.

The behaviour of Fujinomori clay in the drained TXE 
tests is shown in Figure 2.

Figure 1: Behaviour of Fujinomori clay under different OCRs in 
drained triaxial compression tests: a) stress ratio versus shear 
strain; b) volumetric strain versus shear strain; c) stress ratio versus 
plastic dilatancy.
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As in the case of TXC, the relationships η-Dp in different 
shearing stages were approximated by straight lines 
defined by Equation (1) with different α and β parameters. 
The slope of these lines (β) increases with OCR. The points 
representing DFS lie almost exactly on the FSL defined by 

the critical frictional state angle ϕo=34.1°, α=0 and β=1. 
Fully contractive behaviour is observed only for normally 
consolidated (OCR = 1) clay and dilative behaviour 
is observed for lightly and heavily overconsolidated  
(OCR = 2, 4, 8) clay. The plastic dilatancy values for DFS 
are smaller than for TXC for the same initial conditions.

6  Influence of the stress path 
on the behaviour of clay during 
shearing
The influence of the stress path on the behaviour of 
remoulded Fujinomori clay in drained TXC and TXE was 
studied by Nakai and Matsuoka [6]. The TXC and TXE 
tests were carried out for stress paths σ‘

3 - constant, p‘  - 
constant and σ‘

1 - constant. The behaviour of Fujinomori 
clay is shown in Figure 3 and Figure 4 for TXC and TXE, 
respectively.

Linear approximations of the stress to plastic 
dilatancy ratio in different shearing stages are described 
by Equation (1) with the critical frictional state angle 
ϕo=34.1°, and the corresponding α and β parameters are 
shown in Figures 3c and 4c. In all tests conducted by 
Nakai and Matsuoka [6], two stages of shear behaviour 
can be identified in pre-DFS, unlike the tests conducted 
by Nakai and Hinokio [8] analysed earlier in this paper. 
DFS can be easily identified for all tests (Figs 3c and 4c). 
The points representing DFS for TXC lie very close to FSL 
(Fig. 3c), but not for TXE (Fig. 4c). Based on the presented 
analysis, it is impossible to finally conclude whether this 
is an error of the experiment or of the theory. For TXC, the 
η-Dp relationships of the Cam-clay and Modified Cam-
clay models are also shown in Figure 3c. The dilatancy 
equation of the Cam-clay model (23) correctly describes 
the behaviour of remoulded, normally consolidated clay 
sheared under a constant mean pressure stress path. As 
expected, the stress path affects the shear behaviour of the 
clay. This effect can be quantified by α and β parameters of 
the general FSC dilatancy Equation (1).

7  Conclusions
OCR and stress path significantly influence the shearing 
behaviour of the remoulded clay.

The general dilatancy equation of FSC can be used 
to describe the behaviour of the stress–plastic dilatancy 
relationships of soils during shearing.

Figure 2: Behaviour of Fujinomori clay under different OCRs in 
drained triaxial extension tests: a) stress ratio versus shear strain; 
b) volumetric strain versus shear strain; c) stress ratio versus plastic 
dilatancy.
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The Cam-clay model dilatancy equation describes 
well the stress–dilatancy behaviour only for remoulded, 
normally consolidated clay loaded under a constant mean 
pressure stress path.

DFS independent of OCR and stress paths are very 
characteristic states of soil behaviour during shear.

The points representing DFS lie on the friction state 
line defined in the η-Dp plane by the critical frictional state 

Figure 3: Behaviour of Fujinomori clay in different stress paths for 
drained triaxial compression: a) principal stresses ratio versus axial 
strains; b) volumetric strains versus axial strains; c) stress ratio 
versus plastic dilatancy.

Figure 4: Behaviour of Fujinomori clay in different stress paths for 
drained triaxial extension: a) principal stresses ratio versus axial 
strains; b) volumetric strains versus axial strains; c) stress ratio 
versus plastic dilatancy.
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angle with parameters α=0 and β=1 for drained TXC and 
TXE.

The relationships between stress and plastic dilatancy, 
although rarely presented in the literature, are important 
for a full understanding of the behaviour of clay during 
shearing.
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